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Introduction

Minimize the cost functional

1 1
|:V/ ulds + (xf)2]
0

J(u) = EE

over u € L%([0,1] x ) subject to the state equation

dx¥ =1[0(p — x¥) + us]ds + odWs on [0,1] x R
xy =xecR

Parameters: v =1/100,0 =3, u=1,0=1,x=0.

Figure: Uncontrolled Trajectories Figure: Controlled Trajectories
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Finite-Dimensional Setting

Minimize the cost functional
-
J(u):=E l/ I(x¢, us)ds + h(x#)]
0

over u € L%([0, T] x Q) subject to the state equation

dx¥ = b(x¥, us)ds + o(x, us)dWs on [0, T] x R
x{ =x €R,

where
@ /:R x U — R are running costs,
h: R — R are terminal costs,

b and o are drift and diffusion coefficient, respectively,

(Ws)sepo, 77 is @ Brownian motion on (2, F, (Fs)scpo, 77, P)-
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Necessary Optimality Condition

Derive necessary optimality condition:
T |
(VJ(u),v) =0,J(u) =E / he(xZ, us)Oyxs + ly(x2, us)vsds + hy(x7)0yx7| = 0.
0

We want to separate v in order to identify the gradient.
First step: y; := 0, x{ solves the SDE

{dyly = [bx(Xt.yv ut)yty + bu(XLy’ ut)Vt] dt + [GX(thla ut)yt.y + O'U(Xél, Ut)vt] th
g =0.

Second step: In the deterministic case, one introduces the adjoint state

dpe = — [bu(x¢, ue)pe + h(x¢', ug)] dt
pPT = hX(X'Lf)'

Random terminal condition ~~ solution is not adapted to given filtration.
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Backward Stochastic Differential Equations

Let (W;)¢>0 be a Brownian motion and (F;):>o its natural filtration. Consider the
BSDE

dpr =0

PT = 57

where £ is Fr-measurable. Natural candidate: p, = E[¢|F;].
/\ Adapted solution doesn't exist!
Martingale representation theorem:

t
Blel7 =Bl + [ qdws,
0
Restate original problem: Find a pair of processes (p, g) satifying

dp: = q:dW;
pr =¢.
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Necessary Optimality Condition Continued

Introduce adjoint state

dpt - — [bX(XéJ, Ut)pt + /x(X;J; ut) + UX(XIH’ ut)qt] dt + qtth
pr = hx(x7).
Adjoint state property:

T T
Elpryy] =E l/ pedy; +/ vy dp: + <p7y”>T]
0 0

-
=E [/ bu(x¢', ue)peve + ou(xys ue)qeve — h(x¢, Ut))ﬁydt‘| :
0

Hence,

(VJ(u),v) =0,J(u) =E l/o (L(x{, u) + bu(x{, ur)pr + ou(x, ur)qr) vtdt]

= (l(x", u) + bu(x", u)p + ou(x",u)g,v) =0
for all v. Necessary condition:

VJ(u) = l,(x", u) + buy(x", u)p + ou(x",u)g = 0.
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Pontryagin Maximum Principle

Minimize the cost functional
T
J(u) :=E l/ I(x¢, us)ds + h(x%)]
0

over u € L%([0, T] x §; U) subject to the state equation
{dxs“ = b(x¥, ug)ds + o(x, us)dW, on [0, T] x RY
x¢ =x e RY.

If U C R" is non-convex, we need to introduce a second adjoint state

(P, Q) € L3([0, T] x @;R¥*9) x LZ([0, T] x Q; R¥*9)~,
Pontryagin Maximum Principle: Let (X, &) be optimal. Then

H(Xs, s, ps, Ps) + tr (0(%s, Ts)" [gs — Pso(Xs, s)])
= JEEH(;{S’ u, ps, Ps) + tr (o(Xs, u)* [qs — Pso(Xs, Ts)]) ,

where

H(x,u,p, P):=I(x,u) + (p, b(x, u)) + %tr (o(x, u)*Po(x, u)).
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Dynamic Programming

Minimize
T
J(t,x;u) :=E [/ I(x¢, us)ds + h(x#)]
t
over u € U := L%(t, T; U) subject to

dx = b(x¥, us)ds + o(x¥, us)dWs on [t, T x R
x{ =xeR.

Define value function
V(t,x):= |2£{ J(t, x; u).

Satisfies dynamic programming principle

V(t,x) = |2£{IE [/ I(x¢, us)ds + V(1,x7) |, VT e [t, T].
u t
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Hamilton-Jacobi-Bellman Equation

By the dynamic programming principle and It6's formula, we have
0= inLE {/ I(xg, us)ds + V(r,x) — V(t,x)}
ue t

= inf E

uel

T 1
/ /(X:’ US) + Vt(S’X:) + Vx(saxsu)b(xsuv US) + 5 VXX(57X:)U2(X:a US)dS] .
t

Dividing by 7 — t and sending 7 | t yields

{Vt(t,x) Finfucy {1(x, 1) + Vi(t, x)b(x, u) + 2 Vi (£, x)02(x, 1)} = 0
V(T,x) = h(x).

Fully nonlinear PDE. Solution theory (viscosity solutions) developed in 1980s by
Crandall, Evans, Lions and others. Solution is merely a continuous function.
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Optimal Synthesis

Verification Theorem: If
1
s € argmin {/()‘(s, u) + (Vi(s, Xs), b(Xs, u)) + 5 Vi (5, X5 )02 (Xs, u)} ,

then & is optimal.
Indeed, by Itd’s formula, we have

E[V(T,%7)]
T 1
V(6 x)+E / Vs, %) + Va5, %)b(%, B) + 5 Vaals, %)02(5%, )5 |
t
Hence,

V(t,x)=E

h(xr) + /t ' I(%s, Us)d51

—E

.
1
[ Vel ) (58 + Vol )bl 8) + 5 Vi, 2)0% (5 ) dsl.
t

=0
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Relationship Between Pontryagin and HJB Equation

Main object in Pontryagin maximum principle: Adjoint states (p, g) and (P, Q)
given by BSDEs.

Main object in dynamic programming: Value function V given by HJB equation.
Under smoothness assumptions, we have for an optimal trajectory X

Ps = Vx(sy)_(s) and qs = VXX(Sa)_(S)O-()_(Sa Es)-
Open questions for infinite dimensional problems:
@ BSDE for second adjoint state;

@ Verification Theorem without smoothness assumptions;

© Relationship between adjoint states and value function without smoothness
assumptions;

@ Efficient approximation of BSDEs;

@ Efficient approximation of value function.

Thank you for your attention!
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