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Introduction

Minimize the cost functional

J(u) :=
1

2
E
[
ν

∫ 1

0

u2s ds + (xu1 )2
]

over u ∈ L2F ([0, 1]× Ω) subject to the state equation{
dxus = [θ(µ− xus ) + us ]ds + σdWs on [0, 1]× R
xu0 = x ∈ R.

Parameters: ν = 1/100, θ = 3, µ = 1, σ = 1, x = 0.
Figure: Uncontrolled Trajectories
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Figure: Controlled Trajectories
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Finite-Dimensional Setting

Minimize the cost functional

J(u) := E

[∫ T

0

l(xus , us)ds + h(xuT )

]

over u ∈ L2F ([0,T ]× Ω) subject to the state equation{
dxus = b(xus , us)ds + σ(xus , us)dWs on [0,T ]× R
xut = x ∈ R,

where

l : R× U → R are running costs,

h : R→ R are terminal costs,

b and σ are drift and diffusion coefficient, respectively,

(Ws)s∈[0,T ] is a Brownian motion on (Ω,F , (Fs)s∈[0,T ],P).
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Necessary Optimality Condition

Derive necessary optimality condition:

〈∇J(u), v〉 = ∂vJ(u) = E

[∫ T

0

lx(xus , us)∂vx
u
s + lu(xus , us)vsds + hx(xuT )∂vx

u
T

]
!

= 0.

We want to separate v in order to identify the gradient.
First step: y v

t := ∂vx
u
t solves the SDE{

dy v
t = [bx(xut , ut)y

v
t + bu(xut , ut)vt ]dt + [σx(xut , ut)y

v
t + σu(xut , ut)vt ]dWt

y v
0 = 0.

Second step: In the deterministic case, one introduces the adjoint state{
dpt = − [bx(xut , ut)pt + lx(xut , ut)]dt

pT = hx(xuT ).

Random terminal condition  solution is not adapted to given filtration.
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Backward Stochastic Differential Equations

Let (Wt)t≥0 be a Brownian motion and (Ft)t≥0 its natural filtration. Consider the
BSDE {

dpt = 0

pT = ξ,

where ξ is FT -measurable. Natural candidate: pt = E[ξ|Ft ].
B Adapted solution doesn’t exist!
Martingale representation theorem:

E[ξ|Ft ] = E[ξ] +

∫ t

0

qsdWs .

Restate original problem: Find a pair of processes (p, q) satifying{
dpt = qtdWt

pT = ξ.
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Necessary Optimality Condition Continued

Introduce adjoint state{
dpt = − [bx(xut , ut)pt + lx(xut , ut) + σx(xut , ut)qt ]dt + qtdWt

pT = hx(xuT ).

Adjoint state property:

E [pT y
v
T ] = E

[∫ T

0

ptdy
v
t +

∫ T

0

y v
t dpt + 〈p, y v 〉T

]

= E

[∫ T

0

bu(xut , ut)ptvt + σu(xut , ut)qtvt − lx(xut , ut)y
v
t dt

]
.

Hence,

〈∇J(u), v〉 = ∂vJ(u) = E

[∫ T

0

(lu(xut , ut) + bu(xut , ut)pt + σu(xut , ut)qt) vtdt

]
= 〈lu(xu, u) + bu(xu, u)p + σu(xu, u)q, v〉 = 0

for all v . Necessary condition:

∇J(u) = lu(xu, u) + bu(xu, u)p + σu(xu, u)q = 0.
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Pontryagin Maximum Principle

Minimize the cost functional

J(u) := E

[∫ T

0

l(xus , us)ds + h(xuT )

]
over u ∈ L2F ([0,T ]× Ω;U) subject to the state equation{

dxus = b(xus , us)ds + σ(xus , us)dWs on [0,T ]× Rd

xut = x ∈ Rd .

If U ⊂ Rn is non-convex, we need to introduce a second adjoint state

(P,Q) ∈ L2F ([0,T ]× Ω;Rd×d)× L2F ([0,T ]× Ω;Rd×d)k .

Pontryagin Maximum Principle: Let (x̄ , ū) be optimal. Then

H(x̄s , ūs , ps ,Ps) + tr (σ(x̄s , ūs)∗ [qs − Psσ(x̄s , ūs)])

= inf
u∈U
H(x̄s , u, ps ,Ps) + tr (σ(x̄s , u)∗ [qs − Psσ(x̄s , ūs)]) ,

where

H(x , u, p,P) := l(x , u) + 〈p, b(x , u)〉+
1

2
tr (σ(x , u)∗Pσ(x , u)) .
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Dynamic Programming

Minimize

J(t, x ; u) := E

[∫ T

t

l(xus , us)ds + h(xuT )

]
over u ∈ U := L2F (t,T ;U) subject to{

dxus = b(xus , us)ds + σ(xus , us)dWs on [t,T ]× R
xut = x ∈ R.

Define value function
V (t, x) := inf

u∈U
J(t, x ; u).

Satisfies dynamic programming principle

V (t, x) = inf
u∈U

E
[∫ τ

t

l(xus , us)ds + V (τ, xuτ )

]
, ∀τ ∈ [t,T ].
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Hamilton-Jacobi-Bellman Equation

By the dynamic programming principle and Itô’s formula, we have

0 = inf
u∈U

E
[∫ τ

t

l(xus , us)ds + V (τ, xuτ )− V (t, x)

]
= inf

u∈U
E

[∫ τ

t

l(xus , us) + Vt(s, x
u
s ) + Vx(s, xus )b(xus , us) +

1

2
Vxx(s, xus )σ2(xus , us)ds

]
.

Dividing by τ − t and sending τ ↓ t yields{
Vt(t, x) + infu∈U

{
l(x , u) + Vx(t, x)b(x , u) + 1

2Vxx(t, x)σ2(x , u)
}

= 0

V (T , x) = h(x).

Fully nonlinear PDE. Solution theory (viscosity solutions) developed in 1980s by
Crandall, Evans, Lions and others. Solution is merely a continuous function.
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Optimal Synthesis

Verification Theorem: If

ūs ∈ arg min

{
l(x̄s , u) + 〈Vx(s, x̄s), b(x̄s , u)〉+

1

2
Vxx(s, x̄s)σ2(x̄s , u)

}
,

then ū is optimal.
Indeed, by Itô’s formula, we have

E [V (T , x̄T )]

= V (t, x) + E

[∫ T

t

Vt(s, x̄s) + Vx(s, x̄s)b(x̄s , ūs) +
1

2
Vxx(s, x̄s)σ2(x̄s , ūs)ds

]
.

Hence,

V (t, x) = E

[
h(x̄T ) +

∫ T

t

l(x̄s , ūs)ds

]

− E

[∫ T

t

Vt(s, x̄s) + l(x̄s , ūs) + Vx(s, x̄s)b(x̄s , ūs) +
1

2
Vxx(s, x̄s)σ2(x̄s , ūs)︸ ︷︷ ︸

=0

ds

]
.
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Relationship Between Pontryagin and HJB Equation

Main object in Pontryagin maximum principle: Adjoint states (p, q) and (P,Q)
given by BSDEs.
Main object in dynamic programming: Value function V given by HJB equation.
Under smoothness assumptions, we have for an optimal trajectory x̄

ps = Vx(s, x̄s) and qs = Vxx(s, x̄s)σ(x̄s , ūs).

Open questions for infinite dimensional problems:

1 BSDE for second adjoint state;

2 Verification Theorem without smoothness assumptions;

3 Relationship between adjoint states and value function without smoothness
assumptions;

4 Efficient approximation of BSDEs;

5 Efficient approximation of value function.

Thank you for your attention!
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