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Consider the FitzHugh-Nagumo system

dve = [Ave 4+ vie(1 — ve)(ve — @) — we + ] dt on L2(A)
dwe = e(ve — ywe + 6)dt on L%(A)

with Neumann boundary conditions, where A C R is a bounded interval,
a€(0,1), and ¢, v, § > 0. I;: injected current.

Figure: Membrane potential v Figure: Recovery variable w
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Consider the FitzHugh-Nagumo system

th = [AVt + Vt(]- — Vt)(vt — Of) — w + It] dt + O'th on LZ(A)
dwe = e(ve — ywy + §)dt on L2(A)

with Neumann boundary conditions, where A C R is a bounded interval,
a € (0,1), and o, &, v, 6 > 0. /;: injected current.

Figure: Membrane potential v Figure: Recovery variable w
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General Setting

With V := HY(A) x L2(A) < H := L?(N)?, u = (v, w), this can be written as
duf = [Auf + F(t,uf, &)l dt +o(t, uf g )dWe  on H

Objective: Minimize

J(g) =E VO L(uf, ge)dt + d(uF)

over all

Gug = {g [0, TIxQ—= G: sup |gille < kas. ,g (Fe)so — adapted},

te[0,T]

Example: Quadratic costs:

L(uf, g) = C/(vtg(x)— wa(t, x))? dx—f—)\//\gtz(x)dx.

A
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State equation:

duf = [Au§ + F(t,uf, g)] dt + o(t, uf, g;)dW; on H
F:[0,T] x Vx G — V* such that for all u,i,v e V
v (F(t,u,g) — F(t,d,g),u—a), < Clu— i}
and

v {(0uF(t,u,g)v,v)y < C(1+ |v|}).

FOC in variational setting: Al-Hussein (Appl Math Optim, 2011)
FOC in mild setting: Fuhrmann et al. (Stoch PDE: Anal Comp, 2018)

A\ FitzHugh-Nagumo system not included in those works.
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GAateaux Derivative of the Cost Functional

The Gateaux derivative of the cost functional in direction h is given by

2J(g)

on &

i
/ O L(u€, g )yl + Dy L(uf, g:)hedlt + 3u¢(u§—)y§’-] ,
0

where y" is the solution of

dyth = [Ayth +auF(t7 utgvgt)y:, + 8gF(t» utgvgt)ht]dt
+ [0uo(t, uf, ge)yl + Ogo(t, uf, ge)he| AW, on H
yi=0 in H

Goal: Separate h in order to obtain a representation of the gradient, i.e.

9J(g) _
“oh (VJ(g), h)

for a suitable inner product (-,-). — Adjoint State
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Adjoint State

Adjoint state in the deterministic case solves the backward PDE

_dpt - [A*pt + auF(ta Ufg,gt)*pt + auL(UEga gt)]dt on H
pr = 0,®(u%) in H.

A\ Adjoint state not adapted to the filtration of (W;)¢>0. In order to obtain an
adapted solution, consider the backward SPDE

—dp; = [A*pe + OuF(t, U, g¢)* pr
+0u0(t, uf, ge)* Py + O, L(uf, g)]dt — P,dW; on H
pr = 0uP(us) in H.

The solution is a pair of processes

(p, P) € L3([0, T] x ; V) x L3([0, T] x Q; Lo(U, H)).
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Backward Stochastic Differential Equations

Let (W;)¢>0 be a Brownian motion and (F¢)¢>o its natural filtration. Consider the

BSDE
dp: =0
pr =¢,
where £ is Fr-measurable. /A Adapted solution doesn't exist!

Natural candidate: p; = E[¢|F:]. However, does not solve BSDE. Martingale
representation theorem:

E[¢| 7] = E[¢] + /0 PLAW,.

Restate original problem:

dPt = Ptth
pr =§.

For & = f(Wr):

E[¢|F:] = E[f(WT)|Ft] = ST—of(W;) = STF(Wo) + /OtVST_sf( W,)d W,
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Solving the Backward SPDEs

Consider finite dimensional approximations

—dpy = [(I_IHAYk pt + (Ma0uF(t, Utg7gt))* p¢
+ (Maduo(t, uf, ge))" PP+ MaduL(uf, ge)ldt — PPAW: on H,
P = M,0,P(u%) in H,.

Derive a priori bounds:

It holds

supE
neN

T T
n2 ni2
/0 IIPtllvdtJr/0 IP? ||L2(U,H)dt1 < 0.

Extract weakly convergent subsequences and pass to the limit.
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The Gradient of the Solution Map

91(e) _

.,
o / OuL(uf, ge)y! + OgL(uf, ge)hedt + 3u¢(ugr)y?]
0

-
=E / (8gF(tv Uf’gt)*Pt + agL(uf,gt) =+ (9go(t, uf,gt)*Pt) htdt] .
0

Proposition 3
The gradient of the cost functional in L*([0, T] x Q; G) is given by

vJ(g) = agF(tv ufa gt)*pt + 8gL(UEg’gt) + ago'(ta utga gt)*Pta

where (p, P) is the adjoint state.

How to use this result for applications?
— Restriction to deterministic controls: simpler random backward PDE.
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Consider the SDE

duf = [-V'(uf) + g:]dt + 0dB;, t€]0,T]
£-0
Ut =

where the potential V is given by

Z(arctan(x) — x), for x>0

V =
() 0, for x < 0,
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Consider the SDE

{dut = [-V/(u8) + g]dt + odB;, te0,T]
g =0
£ 0.

We consider the cost functional

Leads to the adjoint equation

{—3tp = —V"(uE)p, telo,T]

— 8
pPT = U7,

hence

.
pr = ué exp (/ —V”(uf)ds) .
t
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Consider the SDE

{duf = [-V'(u8) + g]dt + 0dB,, te|0,T]
£_0
LIO = U.

The gradient of the cost functional is

VJ(g)(t) = Elp] = E

us exp (/f—V”(u_f)ds)] .
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Consider the SDE

duf = [-V/(uf) + gi]dt + 0dB;, t€]0,T]
us = 0.

Claim: The gradient for g = 0 is not zero, hence g = 0 is not an optimal control.

Indeed,

lim inf {—8:(VJ(g))(t)}

=liminfE
t—T

>E

—V"(uf)uF exp (/t —V”(uf)ds)]
Iitnl)igf {—V”(uf)ugr exp (/t —V”(uf)ds) }]

V()]

(u3)?
T 21{u§_>0} > 0

(1+ (5))
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