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Motivation

Consider the FitzHugh-Nagumo system{
dvt = [∆vt + vt(1− vt)(vt − α)− wt + It ]dt on L2(Λ)

dwt = ε(vt − γwt + δ)dt on L2(Λ)

with Neumann boundary conditions, where Λ ⊂ R is a bounded interval,
α ∈ (0, 1), and ε, γ, δ ≥ 0. It : injected current.

Figure: Membrane potential v Figure: Recovery variable w
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Motivation

Consider the FitzHugh-Nagumo system{
dvt = [∆vt + vt(1− vt)(vt − α)− wt + It ]dt + σdWt on L2(Λ)

dwt = ε(vt − γwt + δ)dt on L2(Λ)

with Neumann boundary conditions, where Λ ⊂ R is a bounded interval,
α ∈ (0, 1), and σ, ε, γ, δ ≥ 0. It : injected current.

Figure: Membrane potential v Figure: Recovery variable w
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General Setting

With V := H1(Λ)× L2(Λ) ↪→ H := L2(Λ)2, u = (v ,w), this can be written as

dugt = [Augt + F (t, ugt , gt)]dt + σ(t, ugt , gt)dWt on H

Objective: Minimize

J(g) := E

[∫ T

0

L(ugt , gt)dt + Φ(ugT )

]

over all

Gad :=

{
g : [0,T ]× Ω→ G : sup

t∈[0,T ]

‖gt‖G ≤ κ a.s. , g (Ft)t≥0 − adapted

}
,

Example: Quadratic costs:

L(ugt , gt) = c

∫
Λ

(vg
t (x)− vΛ(t, x))

2
dx + λ

∫
Λ

g2
t (x)dx .
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Assumptions

State equation:

dugt = [Augt + F (t, ugt , gt)]dt + σ(t, ugt , gt)dWt on H

F : [0,T ]× V × G → V ∗ such that for all u, ũ, v ∈ V

V ∗ 〈F (t, u, g)− F (t, ũ, g), u − ũ〉V ≤ C‖u − ũ‖2
H

and

V ∗〈∂uF (t, u, g)v , v〉V ≤ C (1 + ‖v‖2
H).

FOC in variational setting: Al-Hussein (Appl Math Optim, 2011)
FOC in mild setting: Fuhrmann et al. (Stoch PDE: Anal Comp, 2018)

B FitzHugh-Nagumo system not included in those works.
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Gâteaux Derivative of the Cost Functional

Proposition 1

The Gâteaux derivative of the cost functional in direction h is given by

∂J(g)

∂h
= E

[∫ T

0

∂uL(ugt , gt)y
h
t + ∂gL(ugt , gt)htdt + ∂uΦ(ugT )yh

T

]
,

where yh is the solution of
dyh

t = [Ayh
t + ∂uF (t, ugt , gt)y

h
t + ∂gF (t, ugt , gt)ht ]dt

+
[
∂uσ(t, ugt , gt)y

h
t + ∂gσ(t, ugt , gt)ht

]
dWt on H

yh
0 = 0 in H

Goal: Separate h in order to obtain a representation of the gradient, i.e.

∂J(g)

∂h
= 〈∇J(g), h〉

for a suitable inner product 〈·, ·〉. → Adjoint State
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Adjoint State

Adjoint state in the deterministic case solves the backward PDE{
−dpt = [A∗pt + ∂uF (t, ugt , gt)

∗pt + ∂uL(ugt , gt)]dt on H

pT = ∂uΦ(ugT ) in H.

B Adjoint state not adapted to the filtration of (Wt)t≥0. In order to obtain an
adapted solution, consider the backward SPDE

−dpt = [A∗pt + ∂uF (t, ugt , gt)
∗pt

+∂uσ(t, ugt , gt)
∗Pt + ∂uL(ugt , gt)]dt − PtdWt on H

pT = ∂uΦ(ugT ) in H.

The solution is a pair of processes

(p,P) ∈ L2([0,T ]× Ω;V )× L2([0,T ]× Ω; L2(U,H)).
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Backward Stochastic Differential Equations

Let (Wt)t≥0 be a Brownian motion and (Ft)t≥0 its natural filtration. Consider the
BSDE {

dpt = 0

pT = ξ,

where ξ is FT -measurable. B Adapted solution doesn’t exist!
Natural candidate: pt = E[ξ|Ft ]. However, does not solve BSDE. Martingale
representation theorem:

E[ξ|Ft ] = E[ξ] +

∫ t

0

PsdWs .

Restate original problem: {
dpt = PtdWt

pT = ξ.

For ξ = f (WT ):

E [ξ|Ft ] = E [f (WT )|Ft ] = ST−t f (Wt) = ST f (W0) +

∫ t

0

∇ST−s f (Ws)dWs
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Solving the Backward SPDEs

Consider finite dimensional approximations
−dpnt = [(ΠnA)∗ pnt + (Πn∂uF (t, ugt , gt))

∗
pnt

+ (Πn∂uσ(t, ugt , gt))
∗
Pn
t + Πn∂uL(ugt , gt)]dt − Pn

t dWt on Hn

pnT = Πn∂uΦ(ugT ) in Hn.

Derive a priori bounds:

Lemma 2
It holds

sup
n∈N

E

[∫ T

0

‖pnt ‖
2
V dt +

∫ T

0

‖Pn
t ‖

2
L2(U,H) dt

]
<∞.

Extract weakly convergent subsequences and pass to the limit.
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The Gradient of the Solution Map

∂J(g)

∂h
= E

[∫ T

0

∂uL(ugt , gt)y
h
t + ∂gL(ugt , gt)htdt + ∂uΦ(ugT )yh

T

]

= E

[∫ T

0

(∂gF (t, ugt , gt)
∗pt + ∂gL(ugt , gt) + ∂gσ(t, ugt , gt)

∗Pt) htdt

]
.

Proposition 3

The gradient of the cost functional in L2([0,T ]× Ω;G ) is given by

∇J(g) = ∂gF (t, ugt , gt)
∗pt + ∂gL(ugt , gt) + ∂gσ(t, ugt , gt)

∗Pt ,

where (p,P) is the adjoint state.

How to use this result for applications?
→ Restriction to deterministic controls: simpler random backward PDE.
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Example

Consider the SDE{
dugt = [−V ′(ugt ) + gt ] dt + σdBt , t ∈ [0,T ]

ug0 = 0

where the potential V is given by

V (x) =

{
1
2 (arctan(x)− x), for x ≥ 0

0, for x < 0,

i.e.,
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Example

Consider the SDE{
dugt = [−V ′(ugt ) + gt ] dt + σdBt , t ∈ [0,T ]

ug0 = 0.

We consider the cost functional

J(g) :=
1

2
E
[
(ugT )

2
]
.

Leads to the adjoint equation{
−∂tp = −V ′′(ugt )p, t ∈ [0,T ]

pT = ugT ,

hence

pt = ugT exp

(∫ T

t

−V ′′(ugs )ds

)
.
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Example

Consider the SDE{
dugt = [−V ′(ugt ) + gt ] dt + σdBt , t ∈ [0,T ]

ug0 = 0.

The gradient of the cost functional is

∇J(g)(t) = E[pt ] = E

[
ugT exp

(∫ T

t

−V ′′(ugs )ds

)]
.
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Example

Consider the SDE{
dugt = [−V ′(ugt ) + gt ] dt + σdBt , t ∈ [0,T ]

ug0 = 0.

Claim: The gradient for g ≡ 0 is not zero, hence g ≡ 0 is not an optimal control.
Indeed,

lim inf
t→T

{−∂t(∇J(g))(t)}

= lim inf
t→T

E

[
−V ′′(ugt )ugT exp

(∫ T

t

−V ′′(ugs )ds

)]

≥E

[
lim inf
t→T

{
−V ′′(ugt )ugT exp

(∫ T

t

−V ′′(ugs )ds

)}]
=E [−V ′′(ugT )ugT ]

=E

 (ugT )2(
1 + (ugT )

2
)2 1{ug

T>0}

 > 0.
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