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Minimize

J(u):=E

/OT/AI(Xt”()\),ut)d)\dt+//\h(x#(/\))d>\]

subject to

dxt = [Axf + b(x{, up)]dt + o(x{, u)dW,, t €0, T]
x§ = x € L2(N),

where
o /, h Nemytskii operators of (at most) quadratic growth;
@ b,o Nemytskii operators, Lipschitz;
o (W:)e>o cylindrical Wiener process;
@ A C R bounded interval;

@ control domain U non-convex.
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Minimize

-
Jw)=E /o //\I(Xt”()\),ut)d)\dt+//\h(x#(/\))d>\]

subject to

dxt = [Axf + b(x{, up)]dt + o(x{, u)dW,, t €0, T]
x§ = x € L2(N).

@ Pontryagin’'s maximum principle (1956): Necessary optimality condition for
controlled ODEs.

@ Peng's maximum principle (1990): Generalization to controlled SDEs.

@ Since then: Generalizations to controlled SPDEs by Du, Fuhrman,
Frankowska, Guatteri, Hu, Li, Lii, Meng, Tang, Tessitore, Zhang, ....
Previous results require strong assumptions on coefficients / and h excluding
quadratic costs.
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Let & be optimal. Fix 7 €[0,T), e >0, v € U, and set

- v, 7T<t<T1+¢,
ug =1 _ -
i otherwise.

Then
i
0 < J(uf) - J(d) = E [/0 /A/(x;, UE) — I(%e, )dAdE + /A h(xs) — h(xT)dA] .

Roadmap: 1) Taylor expand integrands;
2) Divide by ¢, send ¢ — 0;
3) Identify remaining terms.

Because of stochastic calculus, we have to Taylor expand up to second order.
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Quadratic Terms

Taylor expanding the cost functional to second order leads to the quadratic terms

E l /0 /A hoc(%e(A), @)y (A)ye (A)dAdt + /A hXX(iT()\))y;(/\)y;_()\)d/\] .

Peng's idea: Linearize using tensor product and derive equation for y£ ® yf on
Rn ® Rn o~ Rnxn'

Infinite-dimensional analogue:
H® H = Ly(H).

Problem: Quadratic costs require duality analysis between L;(H) and L(H).
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Explicit Tensor Product

Instead, we use explicit representation

L2(N) @ L2(N) = [2(N?)
Yy @2z e (A p) = y(N)z(p)) -

Rewrite quadratic terms as
T
E [ [ [ v, at)yf(x)yfmdxdr]
o Ja

_E [ /0 / hoe(%e(A), )0 (v © yf)(A)dAdt] ,
where

5 Ha(A?) — L2(N)
w = (A= w(A ).
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Second Order Adjoint Equation

Theorem (Stannat, W., SICON 2021)

The equation

dPe(A, 1) = —[AP:(A, 1) + (b (Xe(N), Te) + bu(Xe(1), Tt )) Pe(N, 1)
F{ox(Xe(A), ), ox(Xe(1), Be)) 1a(z,r) Pe(A, 1)
F{ox(Xe(A), 8e) + ox(Xe(p), Gt), Qe(A, 1)) L2z R)
0" (hoc(Xe(A), Bt)) + 6™ (baoc (Xe (A), Te) pe(A))
0" (oo (Xe(A), Be), Ge) 12(z,))]dE + Qe(A, p)dWe
Pr(A, 1) = 6" (hw(%7(})))

has a unique adapted solution (P, Q), where
P € L3([0, T] x Q; L2(A?)) N L2(Q; C([0, T]; H1(A?))),
and

Q € L3([0, T] x Q; Lo(Z; HTH(A)).
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Peng's Maximum Principle for SPDEs

Theorem (Stannat, W., SICON 2021)

Let (X, ) be an optimal pair. Then there exist adapted processes
(p,q) € L2([0, T] x Q; HY(N)) x L2([0, T] x Q; Lo(Z, L2(N)))
satisfying the first order adjoint equation and adapted processes
(P, Q) € L*([0, T] x Q; L2(A?)) x L2([0, T] x Q; Lo(Z, H~1(A?)))

satisfying the second order adjoint equation such that
inf g(t,)_(t, U) = g(t,)_(t, ljt),
uely

for almost all (t,w) € [0, T] x Q, where G : [0, T] x L2(A) x U = R

(55 1) = /A Hx(), )k + (pe, B0, )3y + tr{o(x, 1))

+ %tr(cr(x7 u)*Pro(x, u)) — tr(o(x, u)* Pro(Xe, dt)) -
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Dynamic Programming Approach
Minimize
J(s, x; u) [/ //(Xt , Uy d)\dt—l—/h( ()\))d)\l

over u € Us subject to
dxf = [Axf + b(x, up)]dt + o(x, ug)dWs, te[s, T]
x4 = x € L?(N).

Introduce value function V : [0, T] x L?(A) — R,

V(s,x) = inzf{ J(s, x; u).

ue

Satisfies dynamic programming principle

V(s,x)= inf E [/ I(x¢, ug)dt + V (7, x2)| , VT e s, T).

uels

Can be used to derive optimality conditions.
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Link Between Value Function and Adjoint States

Under smoothness assumptions, it holds

Vs(t,)_(t) - _<A)_(t; D\/(t7 )_(t)>L2(/\) - H()?t, Et) D\/(t7 )_(t)7 D2 V(t, )_(t))
DV(t,)_(t) - pt
D2 V(ta )?t)o'()_(ta El’) = qt,

where
1
Ml 0. P) = [ 1), )0+ (o b)) oy + 5t (o) P, ).

Generalizations dropping smoothness assumptions and using viscosity differentials
up to first order in infinite dimensions by Cannarsa, Frankowska, Zhou, ...
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Viscosity Differentials

If Ve C12([0, T] x L2(A)), it holds

1

i
it [T — t] + [z — x|2

[V(T,z) V(%) — 8 V(t, x)(7 — t)

— (DV(t,x),2 = X)12(0) — %(z —x, D*V(t,x)(z — X)>L2(,\)} —0.

Weaker notion of differentiability:

Definition (Viscosity Superdifferential)

We say (G, p, P) € Dy V(t,x) if

. 1
lim sup

V(r,z) = V(t,x)— G(t—t
limsup 5 | V(n D) — V(60 = 6l =1

1
— (P, z = X)12(n) — E(z —x,P(z— x)>Lz(,\)] <0.

o’
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Link Between Value Function and Adjoint States

Theorem (Stannat, W. (2022+))

For almost every t € [0, T|, it holds

[—(AXe, pe) H-1(n)x H2(n) — G(Es Xe, Te), 00) X {pt} X [Py, 00) C Dt1’+2,’x+ V(t, %)

P-almost surely.

Corollary (Stannat, W. (2022+))
It holds for almost all t € [s, T]

g(t7 )_(h ﬁt) S H(ta )_<t7 L_Ita pt7 Pt)7

P-almost surely, i.e.,

tr(o(%e, G:)(qe — Peo (%, Gc))) < 0.
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Viscosity Solutions

Value function formally satisfies HJB equation
Vs + (Ax, DV>L2(/\) + infueu H(x,u,DV,D?>V) =0, (s,x)€[0,T]x L%(N)
V(T,x)= [, h(x x € L2(N)

where

H(x, u, p, P) = / Hx(\), u)dA + (p, b(x, u)>L2(A)+%tr(0(X, by Po(x, ).

Definition (Viscosity Solution, Bounded Case)
V is a viscosity subsolution, if
o V(T,x) < [ h(x(N)dA, x e L2(A);

e V¢ € CY2((s, T) x L?(N)) such that V — ¢ attains maximum at (t, x), it
holds

bs(t, x) + (Ax, Dé(t, x)) + igEH(X, u, Do(t,x), D?¢(t,x)) > 0.

4
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Viscosity Solutions Il

It holds:

(G,p,P) € De ™ v(t, %)
—
J¢ € CY2((s, T) x L2(N)) such that:

@ v — ¢ attains maximum at (t, x),

Q (o(t,x),0:9(t,x), Dé(t,x), D2¢(t, x)) = (v(t,x), G, p, P).

Equivalent definition of viscosity solution in the bounded case (!):

Definition (Viscosity Solution, Bounded Case)
V is viscosity subsolution, if

o V(T,x) < [y h(x(N)dA, x e L2(A);

e for every (G,p,P) € D,_lef’Jr V(t, x)

G+ <AX, p>L2(A) T IQE’H(X, u,p, P) > 0.

v
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Generalized Hamiltonian vs. Hamiltonian

Corollary (Stannat, W. (2022+))
It holds for almost all t € [s, T]

g(t7 )_<t7 ﬁt) S H(ta )_<t7 L_lta Pt7 Pt)7
P-almost surely, i.e.,

tr(o(Xe, U:)(qr — Pro(Xe, 0;))) < 0.

In the unbounded case, we need to make sense of
(Ax, Dg(t, x))12(n), x € L2(N).

~+ Need to restrict class of test functions.

To circumvent this issue, we use higher regularity of %, € H3(A), dt ® P-as.
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Verification Theorem

Minimize

J(s,x;u) :=E l/T L(x{, up)dt + H(x%)

over u € Us subject to

dx{ = [Axf + B(x{, up)]dt + X(x, ug)dWs, te[s, T]
x4 =x € L?(N),

where

@ B, Y are Lipschitz, linear growth;
(Wi)e>0 cylindrical Wiener process;
A C R bounded interval;

L, H of (at most) quadratic growth.
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Verification Theorem

Minimize

J(s,x;u) :=E l/T L(x{, up)dt + H(x%)

over u € Us subject to

dx{ = [Axf + B(x{, up)]dt + X(x, ug)dWs, te[s, T]
x4 =x € L?(N),

Smooth verification theorem: Let (x*, u*) be admissible such that
uf € argmin H(x;, u, DV(t,7), D*V(t,x7)),
u
for almost every (t,w). Then (x*, u*) is optimal.

Verification theorems in the stochastic case in the framework of viscosity solutions
by Fabbri, Gozzi, Li, Swiech, Yong, Zhou, ....
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Verification Theorem

Minimize

J(s,x;u) :=E l/T L(x{, up)dt + H(x%)

over u € Us subject to

dx{ = [Axf + B(x{, up)]dt + X(x, ug)dWs, te[s, T]
x4 =x € L?(N),

Smooth verification theorem: Let (x*, u*) be admissible such that
Ve(t, x5) + (AxF, DV(t,x)) 12y + H(x*, uf, DV(t, x7), D*V(t,x;)) = 0
for almost every (t,w). Then (x*, u*) is optimal.

Verification theorems in the stochastic case in the framework of viscosity solutions
by Fabbri, Gozzi, Li, Swiech, Yong, Zhou, ....
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Verification Theorem

Theorem (Stannat, W. (2022+))

Assume

o 1=, 0)llLaqz. gy < CCL+ IIxllgem)
o V(t+7,x)— V(t,x) < C(1+ HXH;ZL/;(/\))T
o V(t,)—C|- Hfz(/\) is concave.

Let (x*, u*) be an admissible pair. Suppose there are adapted processes (G, p, P)
taking values in R, H3(A) and Ly(L?(N)), such that for almost all t € [s, T]:

(Gtvptv 'Dt) € Dg—ﬁjv(t’X:)

P-almost surely, and

.
E l/ Ge + (AXS, pe) -1 (nyxHa(n) + (XS ug, pe, Pe)dt| > 0.
s

Then (x*, u*) is an optimal pair.

v
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