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Example

Consider the Nagumo equation
dx; = [Ax; 4+ xe(xe — 1)(a — x)]dt + odWs,  xo = x € L2(N),

with Neumann boundary conditions, where A C R is bounded and a € (0, 1).
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Control of the Stochastic Nagumo Equation

Fix T > 0. Introduce control v : [0, T] x A x Q = R

dx/ = [Ax/ + %/ (x{ — 1)(a— x{) + ue] dt + odW,;
x¢ = x € L2(N),

and cost functional

/O/A% (X:()\) _ Xx(t, ,\))2+%u2(t, )\)d/\dt—l-//\% (x?—()\) - XT(,\))2d)\

where
@ x;, x| — desired reference profiles

® ¢y, v,cr >0,

Goal:

Minimize J subject to (*)‘
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Minimize

J(u):=E

/OT/A/(xt”(ALut)d/\dt+//\h(x#(,\))d)\]

subject to

dxf = [AxF + b(x{, up)]dt + o(x, u)dWy,  t €0, T]
x¥ = xp € L2(N),

where
o /, h Nemytskii operators of (at most) quadratic growth
@ b, o Nemytskii operators, Lipschitz
@ (W:)¢>o cylindrical Wiener process
e A C RY bounded domain

@ control domain U non-convex.
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@ The Maximum Principle

© The Dynamic Programming Approach

© Applications
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Outline

@ The Maximum Principle
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Pontryagin 1956: Controlled ODEs

Minimize .
J(u) = / I(x¢, ug)dt + h(x7)
0

subject to
Oext' = b(x{',ur), te0,T]
x§ = x € R".

Let 7 be optimal. Then

inf H(t, X = H(t, %, 0
IJQU (t7Xl’au) (taXtaut)7

for almost every t € [0, T], where Hamiltonian H: [0, T] x R" x U - R
H(t, x,u) := I(x, u) + {ps, b(x, u))

where p; is the adjoint state.
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Peng 1990: Controlled SDEs

Minimize ;
J(u):=E l/o I(x¢', up)dt + h(x%)]

subject to
dx = b(x{', ur)dt + o (x¢, ue)dWe,  te€ [0, T]

Let 7 be optimal. Then
inf G(t. % — Gt %. 0
ulgug( 7Xtau) g( 7Xt7ut)7

for almost all (t,w) € [0, T] x £, where generalized Hamiltonian
G:[0,T]xR"x U—R

G(t,x,u) = H(t,x,u) + %tr(a(x, u)* Pro(x, u)) + tr(o(x, u)* [gr — Pro(X¢, Gt)])

where (p:, g¢) first order adjoint state and P; € R"*" second order adjoint state.
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Now: Controlled SPDEs

Minimize

J(u):=E

/OT/A/(xt“(/\),ut)dAdt+/Ah(x#(A))d)\]

subject to

dxf = [Ax{ + b(x{, up)]dt + o(x{, u)dW,, t €0, T]
x¥ = x9 € L2(N).

@ Since Peng's result: Many generalizations to infinite-dimensional stochastic
case by Du, Fuhrman, Frankowska, Guatteri, Hu, Li, Lii, Meng, Tang,
Tessitore, Zhang, . ..

@ Major drawback in previous works: Restrictive assumptions on coefficients /
and h, in particular excluding quadratic costs.

@ Main obstacle: Characterization of second order adjoinst state P; € L(H).
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Let & be optimal. Fix 7 € [0, T], ¢ >0, v € U, and set

. v, 7T<t<T1+¢,
' g, otherwise.

Then

-

0 < J(uF) — J(@) = E V / 1O, uF) — I(Re, G)AAdE + / h(x) — h(;T)dA] .
0 JA A

Taylor expansions: For terminal costs we have

E {/ h(x3) — h()?r)d/\} ~E {/ hX(XT)y?d/\} ,
A A
where y* satisfies linearized state equation

dy; = [Ayf + bu(%t, Te)ys + b(Xe, uf) — b(Xe, b)] dt
+ o (Xe, Ur)ys + (X, uf) — o (X, b)) AW,
¥o =0.
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Asymptotic of First Order Taylor Expansions

Applying 1t8's formula to ||yg ||L2(/\ yields

t
1y 2 =2 / (DYE + b(Re, Be)yE + b(%e, uZ) — b(%e, ), y)ds
t
+ 2/0 (vs, (ox(Xs, Us)ys + 0(Xs, ul) — 0(Xs, Ts))dWs)
t
+ /0 (s, Bs)yE + (R, 1) — (%5, Bs)|12, 2.2y -
Ité correction term
t
/0 (s, B )y + 0 (s, ) — 0 (%5, 55) 2 .42y I

t T+e
<2 [ o ni e emts +2 [ 1) - ol Bl e e

The last term is of order O(e); we need o(e). ~~ need second order Taylor
expansions!
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Variational Equations

First order:
dyg = [Ayf + bx(Re, Ge)yi + b(Re, u) — (e, r)] dt
+[on (e, Ge)yE + 0 (%, uF) = 0 (%, 3)] AW
yg =0.
Second order:
Az = [Az + be(Re, e)2F + Sbsc(Re, Be)YEYE + (ba(Res ) — bi(Re, )] dit

+ [Ux()_(t; Et)Zf + %UXX()_Q’: Et)yfyf + (O'X()_(tv Uf) - UX()_(ta Et))yts] dW;
z5 =0.

It holds that

sup E [||yf||fz(,\)] < Ce and sup E [||zf||f2(,\)} < Ce2.
te[0,T] te[0,T]
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Secon

From

0< J(uf

d Order Expansion of Cost Functional

we derive:

Lemma

It holds

E

+E

+E

/ J RO, 8)0£ () + 25 >)+glxx(xtm,nt)yf(»yfmaxdr]

/h( TONOFA) +27() + 5 h (XT(A))y?(A)y?(/\)d/\}

/‘//&Mut I\, @ mm%zo@.

/ / xg, uf) — (X, O )dAdt + //\ h(x3) — h()‘(T)d)\]

Next step: Separate dependence on ¢.
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First Order Adjoint State

Consider SPDE

{d}/t = [Ay; + be(Re, T)ye + @¢] dt + [0x(Xe, Te)ye + 0] AW,
Yo = 07

where (p,1) € L2([0, T] x Q; L2(A)) x L2([0, T] x Q; Lo(Z, L2(N))).
Construct linear functional

T(o,0) = E [ /0 /A L(%e(2), B)ye(\)dAE + /A hX(XT(A))yT()\)d)\] .

By Riesz's representation theorem, there is a unique pair
(p,q) € L2([0, T] x Q; L2(A\)) x L2(]0, T] x Q; Lo(Z, L2(N)))

such that
;
T(p, ) =E [/ (¢t Pe)12(n) + (Yt qt)Lz(z,Lz(/\))dt]
0

for all (p,v) € L2([0, T] x Q; L2(N)) x L2([0, T] x Q; Lo(Z, L2(N))).
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First Order Adjoint Equation

Adjoint state property:

E

T T
/ (t h(%e, 0 ))dt + <hx(>’<r),yr>1 =E l/ (Pt pt) + <Qt,¢t>dt] :
0 0

Applying It6's product rule yields
d{pt, Ye)12(n) =P, dye)2(ay + Ve, dpe) 2y + d(p, ¥)
= [(Pe, 0e)12(n) + (Ges V) Loz, 02(0)) — Voo k(Res TBe)) 120y ] At + dM.
for some martingale (M;)¢>0. Thus,
{dPt = — [Ape + b(Re, Te)pe + h(Xe, Gr) + (0x(Re, Tt), Ge) 122y AT + qed W,
pT = he(XT).
Unique variational solution (p, g), where
p € L2([0, T] x Q; H3(A)) N L2(2; C([0, T]; L2(A)))

and
q € L3([0, T] x Q; La(Z, L3(N)).
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Quadratic Terms

Follow same route for quadratic terms

E [ /0 /A hoc(%e(A), Ge)y (A)ye (A)dAdt + /A hxx(xT(A))y;(A)y;(A)dA1 .

Peng's idea in finite dimensions: Linearize using tensor product y; ® yi and derive
equation on

Rn ®Rn o Rnxn.

Infinite dimensional analogue:
H® H = Ly(H).

Problem: Quadratic costs require duality analysis between L;(H) and L(H).
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Explicit Tensor Product

Instead, we use explicit representation

L2(N) @ L2(N) = [2(N?)
Yy @2z e (A p) = y(N)z(p)) -

Rewrite quadratic terms as
T
E [ [ [ v, at)yf(x)yfmdxdr]
o Ja

_E [ /0 / hoe(%e(A), )0 (v © yf)(A)dAdt] ,
where

5 Ha(A?) — L2(N)
w = (A= w(A ).
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Second Order Adjoint Equation

Theorem (Stannat, W., SICON 2021)

The equation

dPe(A, 1) = —[AP:(A, 1) + (b (Xe(N), Te) + bu(Xe(1), Tt )) Pe(N, 1)
F{ox(Xe(A), ), ox(Xe(1), Be)) 1a(z,r) Pe(A, 1)
F{ox(Xe(A), 8e) + ox(Xe(p), Gt), Qe(A, 1)) L2z R)
0" (hoc(Xe(A), Bt)) + 6™ (baoc (Xe (A), Te) pe(A))
0" (oo (Xe(A), Be), Ge) 12(z,))]dE + Qe(A, p)dWe
Pr(A, 1) = 6" (hw(%7(})))

has a unique adapted solution (P, Q), where
P € L3([0, T] x Q; L2(A?)) N L2(Q; C([0, T]; H1(A?))),
and

Q € L3([0, T] x Q; Lo(Z; HTH(A)).
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Peng's Maximum Principle for SPDEs

Theorem (Stannat, W., SICON 2021)

Let (X, ) be an optimal pair. Then there exist adapted processes
(p,q) € L2([0, T] x Q; HY(N)) x L2([0, T] x Q; Lo(Z, L2(N)))
satisfying the first order adjoint equation and adapted processes
(P, Q) € L*([0, T] x Q; L2(A?)) x L2([0, T] x Q; Lo(Z, H~1(A?)))

satisfying the second order adjoint equation such that
inf g(t,)_(t, U) = g(t,)_(t, ljt),
uely

for almost all (t,w) € [0, T] x Q, where G : [0, T] x L2(A) x U = R

(55 1) = /A Hx(), )k + (pe, B0, )3y + tr{o(x, 1))

+ %tr(cr(x7 u)*Pro(x, u)) — tr(o(x, u)* Pro(Xe, dt)) -
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© The Dynamic Programming Approach
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Dynamic Programming Approach
Minimize
J(s, x; u) [/ //(Xt , Uy d)\dt—l—/h( ()\))d)\l

over u € Us subject to
dxf = [Axf + b(x, up)]dt + o(x, ug)dWs, te[s, T]
x4 = x € L?(N).

Introduce value function V : [0, T] x L?(A) — R,

V(s,x) = inzf{ J(s, x; u).

ue

Satisfies dynamic programming principle

V(s,x)= inf E [/ I(x¢, ug)dt + V (7, x2)| , VT e s, T).

uels

Can be used to derive optimality conditions.
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Link Between Value Function and Adjoint States

Under smoothness assumptions, it holds

Vs(t,)_(t) - _<A)_(t; D\/(t7 )_(t)>L2(/\) - H()?t, Et) D\/(t7 )_(t)7 D2 V(t, )_(t))
DV(t,)_(t) - pt
D2 V(ta )?t)o'()_(ta El’) = qt,

where
1
Ml 0. P) = [ 1), )0+ (o b)) oy + 5t (o) P, ).

Generalizations dropping smoothness assumptions and using viscosity differentials
up to first order in infinite dimensions by Cannarsa, Frankowska, Zhou, ...
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Viscosity Differentials

If Ve C12([0, T] x L2(A)), it holds

1

i
it [T — t] + [z — x|2

[V(T,z) V(%) — 8 V(t, x)(7 — t)

— (DV(t,x),2 = X)12(0) — %(z —x, D*V(t,x)(z — X)>L2(,\)} —0.

Weaker notion of differentiability:

Definition (Viscosity Superdifferential)

We say (G, p, P) € Dy V(t,x) if

. 1
lim sup

V(r,z) = V(t,x)— G(t—t
limsup 5 | V(n D) — V(60 = 6l =1

1
— (P, z = X)12(n) — E(z —x,P(z— x)>Lz(,\)] <0.

o’
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Link Between Value Function and Adjoint States

Theorem (Stannat, W. (2022+))

For almost every t € [0, T|, it holds

[—(AXe, pe) H-1(n)x H2(n) — G(Es Xe, Te), 00) X {pt} X [Py, 00) C Dt1’+2,’x+ V(t, %)

P-almost surely.

Corollary (Stannat, W. (2022+))
It holds for almost all t € [s, T]

g(t7 )_(h ﬁt) S H(ta )_<t7 L_Ita pt7 Pt)7

P-almost surely, i.e.,

tr(o(%e, G:)(qe — Peo (%, Gc))) < 0.
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Viscosity Solutions

Value function formally satisfies Hamilton-Jacobi-Bellman equation
Vs + (Ax, DV>[_2(/\) + infueu H(x,u,DV,D?>V) =0, (s,x)€[0,T]x L%(N)
V(T,x)= [, h(x x € L2(N)

where

H(x, u, p, P) = / Hx(\), u)dA + (p, b(x, u)>L2(A)+%tr(0(X, by Po(x, ).

Definition (Viscosity Solution, Bounded Case)
V is a viscosity subsolution, if
o V(T,x) < [ h(x(N)dA, x e L2(A);

e V¢ € CY2((s, T) x L?(N)) such that V — ¢ attains maximum at (t, x), it
holds

bs(t, x) + (Ax, Dé(t, x)) + igEH(X, u, Do(t,x), D?¢(t,x)) > 0.

4
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Viscosity Solutions Il

It holds:

(G,p,P) € D} 2 v(t, x)

—

3¢ € C12((s, T) x L2(N)) such that:
@ v — ¢ attains maximum at (¢, x),

Q (¢(t,x),0:6(t, x), De(t, x), D?¢(t, x)) = (v(t,x), G, p, P).

Equivalent definition of viscosity solution in the bounded case (!):

Definition (Viscosity Solution, Bounded Case)

V is viscosity subsolution, if

o V(T,x) < [ h(x(\)dX, x € L2(A);
o for every (G,p, P) € D,317’X2’+ V(t,x)

G + (Ax, p) + inizj?-l(x, u,p, P) > 0.
ue

4
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Generalized Hamiltonian vs. Hamiltonian

Corollary (Stannat, W. (2022+))

It holds for almost all t € [s, T], P-almost surely,

g(ta)_(h Ut) < H(ta)_(ta Uz, Pt, Pt)'

Proof bounded caseQ Since V is viscosity solution of HJB equation, we have for
every (G p,P) € D1 TV(t, %)

0< G+ (Ax,p) + iml‘J’H(x, u, p, P).
ue

Thus,
0 < —G(t, %, O) — (ARe, pe) + (AZe, pe) + uigfj%(t,fq, u, pt, Pt)
< —G(t, %, Ur) + H(t, Xe, Ur, pe, Pr).
O
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Generalized Hamiltonian vs. Hamiltonian

HJB equation:

V, + (Ax, DV)LZ(,\) + infueU’H(x, u,DV,D2V) =0, (s,x) € [0, T] x L2(A)
V(T,x) = [, h(x x € L2(N)

Problematic term:
(Ax, D(t, x)) 12(n) x € L*(N).

~ Need to restrict class of test functions (see B-continuous viscosity solutions).
We only need to make sense of
<A)_<t7 D¢(ta )_<t)>L2(/\)7

where %, € H}(A), dt ® P-as.
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Verification Theorem

Minimize

J(s,x;u) :=E l/T L(x{, up)dt + H(x%)

over u € Us subject to

dxf = [Axf 4+ B(x{, up)]dt + X(x, up)dWe, t€[s, T]
x4 =x € L?(N).

Smooth verification theorem: Let (x*, u*) be admissible such that
uf € argmin H(x;, u, DV(t, ), D*V(t, 7)),
u
for almost every (t,w). Then (x*, u*) is optimal.

Verification theorems in the stochastic case in the framework of viscosity solutions
by Fabbri, Gozzi, Li, Swiech, Yong, Zhou, ....
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Verification Theorem

Minimize

-
J(s,x;u) :=E [/ L(x, u)dt + H(x7)

over u € Us subject to

dxf = [Ax{ + B(x{, ug)]dt + X(x{, ue)dWe, te s, T]
x¢ = x € L2(N).

Smooth verification theorem: Let (x*, u*) be admissible such that
Ve(t, x7) + (Ax5, DV(t,x;)) 2y + H(x*, uf, DV(t, x7), D*V(t, x;)) = 0
for almost every (t,w). Then (x*, u*) is optimal.

Verification theorems in the stochastic case in the framework of viscosity solutions
by Fabbri, Gozzi, Li, Swiech, Yong, Zhou, ....
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Verification Theorem

Theorem (Stannat, W. (2022+))

Assume

o 1=, 0)llLaqz. gy < CCL+ IIxllgem)
o V(t+7,x)— V(t,x) < C(1+ HXH;ZL/;(/\))T
o V(t,)—C|- Hfz(/\) is concave.

Let (x*, u*) be an admissible pair. Suppose there are adapted processes (G, p, P)
taking values in R, H3(A) and Ly(L?(N)), such that for almost all t € [s, T]:

(Gtvptv 'Dt) € Dg—ﬁjv(t’X:)

P-almost surely, and

.
E l/ Ge + (AXS, pe) -1 (nyxHa(n) + (XS ug, pe, Pe)dt| > 0.
s

Then (x*, u*) is an optimal pair.

v
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© Applications
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Approximation of Optimal Controls

Numerical approximations by Dunst, Majee, Prohl, Vallet, .. ..
Minimize

J(u)=E

T c 2 2
/O//\Q/\(Xt (A) — xz(t, 1) 2+ 2 Ut )\)d)\dt+/ 5 (T () =xT(V) dA]

over u € L2([0, T] x A) subject to
dx! = [Ax 4 b(x") + u] dt + odW;, x§ = x € L2(N),
where b(x) = x(x — 1)(a — x).

Major changes:
@ additive noise
@ deterministic controls
@ convex control domain

@ nonlinearity not Lipschitz.
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Approximation of Optimal Controls

Numerical approximations by Dunst, Majee, Prohl, Vallet, .. ..
Minimize
A

T . 2 Vo, T [ 4 T 2
/o//\? () = (8, 0) "+ S, A)dAdH/7 (xF(A) = x" (V) dA]

A

J(u)=E

over u € L2([0, T] x A) subject to
dx! = [Ax 4 b(x") + u] dt + odW;, x§ = x € L2(N),
where b(x) = x(x — 1)(a — x).
Theorem (Stannat, W., EECT 2021)
The gradient of the cost functional is given by

VJ(u)(t, A) = Ep:(N) + vu(t, N)],
where p is the solution of the adjoint equation

{—0tpt = Ap; + b (x")pr + ¢ (x¢ — xx(t,-)), t€(0,T)

pPT =CT (X%’— — XT) € Lz(/\).

4
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Simulations

Consider

dx¥ = [Ax¢ + xU(xY — 1)(a — x¥) + u] dt + odW,, te]0,T]
x¢ = x € L2(N),

where a =39/40, o = 1/2, T =15, A = [0, 20].
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