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Consider the Nagumo equation

dut: [Aut—l—ut(ut—l) (%—Ut)] dt‘"O’th7 te [0, 100]
up = u € L%(0,20)

with Neumann boundary conditions and u = 15 15).

o =20.05 o =0.05
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Control of the Stochastic Nagumo Equation

Introduce control g : [0,100] x [0,20] x Q@ — R

duf = [Auf + uf(uf —1) (3 — uf) + g dt + odW,, t € [0,100] *)
ué = u € L%(0,20)

and cost functional

[/100/ (uf (x) — "' (. )" + g%(t, x)dxdt+/(u100( ) — u" () dx

ef

where u"f, uT are desired reference profiles.

Goal:

‘ Minimize J subject to (%) ‘
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Outline

@ Peng’s Maximum Principle

© Numerical Methods
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Minimize

Jg) —E [ / ' [ (o). e+ [ m(u%(x))dx]

subject to

duf = [Auf + b(uf, gt)|dt + o(uf, g )dW;, te]0,T]
ué = ug € L*(N),

where
o /, m Nemytskii operators of (at most) quadratic growth
@ b, o Nemytskii operators, Lipschitz
o (W:)e>o cylindrical Wiener process
o A C RY bounded domain

@ control domain U/ non-convex.
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Minimize
-
J(g)=E l/o /A/(u‘tg(x),gt)dxdtJr //\ m(u‘g-r(x))dx]

subject to

duf = [Auf + b(uf, gt)|dt + o(uf, g )dW;, te]0,T]
u§ = up € L*(A).

@ Pontryagin's maximum principle (1956): Necessary optimality condition for
controlled ODEs.

@ Peng's maximum principle (1990): Generalization to controlled SDEs.

@ Since then: Generalizations to controlled SPDEs by Du, Fuhrman,
Frankowska, Guatteri, Hu, Li, Li, Meng, Tang, Tessitore, Zhang, . ...
Previous results require strong assumptions on coefficients / and h excluding
quadratic costs.
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Let (7, g) be optimal. Fix 7 € [0, T), e >0, h € U, and set

. h, 1<t<T1+e¢,
8 ‘=

g: otherwise.

Then
]
0< J(g)-J(@) =F [ | [ e = i gaxde + [ miag) - m(ﬂT)dX] .

Roadmap: 1) Taylor expand integrands;
2) Divide by ¢, send ¢ — 0;
3) Identify remaining terms.

Because of stochastic calculus, we have to Taylor expand up to second order.
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Quadratic Terms

Taylor expanding the cost functional to second order leads to the quadratic terms

E

/OT /A/uu(ﬁt(x)vgt)vf(X)vf(x)dxdt+ /A muu(ET(x))v?(x)ﬁ.(x)dX]_

Peng's idea: Linearize using tensor product and derive equation for v ® v§ on
Rn ® Rn o~ Rnxn'

Infinite dimensional analogue:
H® H = Ly(H).

Problem: Quadratic costs require duality analysis on L(H) = L;(H)*.
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Explicit Tensor Product

Instead, we use explicit representation

L2(N) @ L2(N) = [2(N?)
vew e ((x,y) = v(x)w(y)).

Rewrite quadratic terms as

’ / T/ /““(Et(x)vgt)Vf(X)Vf(x)dxdt]
[/ / w((x), 8)0(vi @ Vt)(x)dth]

where
5 HE(A?) — L2(N)
V= (x = V(x,x)).
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Second Order Adjoint Equation

Theorem (Stannat, W., SICON 2021)

The equation

dPe(x,y) = —[AP(x,y
+{ou(@e(x
+{ou(@e(x
+0*(Lyu
+0™ ({0 (e (
Pr(x,y) = 6" (mu(iar(x)))

has a unique adapted solution (P, Q), where

) + (bu((x), 8t) + bu(@e(y), 8:)) Pe(x, y)
)7 t))a (ut(y)vgt)>Lz(E,R)Pt(X’y)
)7gt) UU(Et(y)’gt)7 Qt(X’y»Lz(E,R)

i (x), 8e)) + 0" (buu(Te(x), 8:)pe(x))

¢(x), 8t): 9t) 1a(=,r))]dt + Qe(x, y)d W,

P e L2([0, T] x Q; L2(A?)) N L2(Q; C([0, T]; H1(A?))),

and

Q € L2([0, T] x Q; La(Z; HL(A)).
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Peng's Maximum Principle for SPDEs

Theorem (Stannat, W., SICON 2021)

Let (4, g) be an optimal pair. Then there exist adapted processes
(p,q) € L2([0, T] x Q; HJ(N)) x L2([0, T] x Q; Lo(Z, L2(N)))
satisfying the first order adjoint equation and adapted processes
(P,Q) € L2([0, T] x Q; L2(A?)) x L2([0, T] x Q; Lo(Z, H~1(A?)))

satisfying the second order adjoint equation such that
'nf t’ ] ) - t? 7] ) g )
éeug( e, g) = G(t, it, &t)

for almost all (t,w) € [0, T] x Q, where G : [0, T] x L2(A) xU — R

G(t,u,g) :://\/(U(X),g)dX+<Pr,b(u7g)>L2(A)+tr(0(u7g)*qr)

+ 5tr(0(u8)" Peo(u,8)) — tr(o(u,8)" Peo(3,20).
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Feedback Controls

Consider feedback control
G : [0, T] x L2(N\) — L*(N)
and controlled SPDE

dul = [Auf + b(uf) + G(t,ul)]dt + odW;, t € [0, T]
u§ = u e L2(N).

Use finite dimensional approximation (e.g. neural network)

G(t, u) ~ &(t, u, ) = Z (Be (A <7Ttu> + a>>ie,-

i=1 n
where
o (&) is an ONB of L2(A), mou = ({u,e1),...,{u,e,))"
o a= (A a, B)c R » Rk x Rk
@ 0 activator function.
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Reduced Control Problem

Leads to controlled SPDE

du? = [Au® + b(uf) + &(t, u¥, a)]dt + odW,;
ug = u € L2(N),

where o € R9, and cost functional J : RY — R,

J(a) =

/ / (%, 07 () + 2 0t o' )] A)dH—/m(x u3(x))d ]

Find gradient: .
lim = (J(a+¢ep) — J(a)) = (VI(a), B).

e—=0 ¢
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Adjoint Equation

Linearized state equation

@ =

{dvg6 = [Avf—l—bu(u?)vf—i—d%(t, ua,a)vfg—l-d)a(t, ug, a)pldt

Adjoint state equation:

{dpt = —[(A + bu(uf) + ®i(t, ud, @))pe + lu(t, uf) + v&i(t, v, a)P(t, uf, a)]dt

pr = my(u7).

Adjoint state property:

E [ / (@t u?,a)ﬁ,p»dt]

-
— l/ (L,(t, uy), vf) + v {(®(t, v, @), Pu(t, u?,a)vf>dt + (m,(ug), v$>
0
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Gradient of Cost Functional

Directional derivative of cost functional:

3({9(;) :E[/O Iy (t, u®), V2 + v (D(t, u®, @), Do (t, uf, ) B)

FUAO(E08,0), 0,0, ) + () )|

=(VJ(a), ).

Theorem (Stannat, Vogler, W. (2023+))
The gradient is given by

VJ(a) =E

.
/ ucb;(r,uf,a)cb(t,us,a)+¢z(r,u?,a)ptdr],
0

where p is the adjoint state.
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Gradient Descent Algorithm

1) For control «,, solve state equation

dul = [Au? + b(u]) + (¢, ul, ap)]dt + od W,
ud = u € L%(N)

2) Solve adjoint equation

dpf = —[(A+ by(uf)+ (¢, uf, an))pf +1u(t, uf) +vO5(t, uf, ) S(t, uf, an)]dt
pr = my(uf)

3) Approximate gradient

T
Vi(a,) =E / v®L (t,ul, an)®(t, uf, an) + O5(t, 0, an)pldt
0

4) For step size s, compute new control
Qny1 = ap — sVJI(ay)
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Simulations

Consider

duf = [Auf + uf(uf — 1) (3 — ug) + &(t,u?, )| dt + odW,, t € [0,100]
ug = u € L(0,20)

with Neumann boundary conditions and v = 15 ;5.

uncontrolled solution u©

(o =0)
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Simulations

Consider

duf = [Auf + uf(uf — 1) (3 — ug) + &(t,u?, )| dt + odW,, t € [0,100]
ug = u € L(0,20)

with Neumann boundary conditions and v = 15 ;5.
J(a)

100
1
~E [/0 6§ = 6?1 E2(0.00 + 5119t ', @)1 F2(0,00)dt + llufoe — ool Z2(o.20)
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Simulations

Consider

duf = [Auf + uf(uf — 1) (3 — ug) + &(t,u?, )| dt + odW,, t € [0,100]
ug = u € L(0,20)

with Neumann boundary conditions and v = 15 ;5.

reference profile
u® (0 =0)

controlled solution
o =0.05

approximated control
o =0.05
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Radial Basis Function Network

Consider feedback control of the type

G(t7 u)(X) ~ q)(t’ u, &, ﬁ)(X) = Z Z Z aijk]-[tk,htk](t)e_N‘U(X)_EjPei(X)'

i=1 j=1 k=1

reference profile controlled solution approximated control
0 (0 =0) o =0.05 o =10.05
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