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Introduction

Consider the ODE
X =0(n—X,), se(o,1]
Xo=x €eR.

For the parameters # =5, =1, x =0:
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Many phenomena in real world can be modeled with randomness, e.g., stock
prices, molecular systems (Langevin dynamics), random growth models, etc.
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Brownian Motion

Stochastic process B : [0, T] x Q — R such that

(] BOZO

o t — B;(w) almost surely continuous.

@ B; — Bs is independent of Bs forall 0 <s <t < T.

@ Bi—Bs~N(0,t—s)for0<s<t<T.
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Remark: Sample paths are nowhere differentiable.
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Stochastic Differential Equation

Consider the stochastic differential equation

X =0(p—X)+0" LW, se0,1]
Xo=x €R.
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Stochastic Differential Equation

Consider stochastic integral equation

Xs:x—i—/ O(p— X, )dr +oWs, se€][0,1]
0

For the parameters =5, p =1, x =0, 0 = 0.2:
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Control of SDEs

Minimize the cost functional

1 1
J(a) := EE [V/o a’ds +X12}
over a: [0,1] x Q — R subject to the state equation

dXs = [0(p — Xs) + as]ds + odWs, s €[0,1]
Xo =x€eR.

Parameters: v =1/100, 0 =5, p=1, 0 =0.2, x =0.
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General Setting

Minimize

T
J(t,x;a) =E / 1(Xs, as)ds + g(X7)

over admissible controls a: (t, T) x Q — R subject to

dXs = b(Xs, as)ds + o (X, as)dWs, s e [t, T]
Xt =X E R,

where

o /:R xR — R are running costs,

e g:R — R are terminal costs,

@ b and o are drift and diffusion coefficient, respectively,

o (Ws)scpe, 7 is a Brownian motion on (Q, F, (Fs)scle, 11, P)-
Two approaches:

@ Dynamic programming (Richard Bellman 1950s)

@ Pontryagin maximum principle (Lev Pontryagin et al. 1956)
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Comparison with Reinforcement Learning — |

Minimize

J(t,x;a) :=E /T 1(Xs, as)ds + g(X1)

over admissible controls a: (¢, T) x Q — R subject to

dXs = b(Xs, as)ds + o(X;, as)dWs, s e [t, T]
Xt =X c R

Markov decision process:
@ S — state space
@ A — action space
@ P,(s,s') = Pr(s;y1 = §'|st = s, a; = a) — transition probabilities
@ R,(s,s’) - reward
Optimization objective:
e 7(s) — policy
o E[>" 207 Ra(St: St+1)] — reward to be maximized
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Dynamic Programming

Minimize

J(t,x;a) :=E /T 1(Xs, as)ds + g(X71)

over admissible controls a: (¢, T) x Q — R subject to

dXs = b(Xs, as)ds + o (Xs, as)dWs, s e [t, T]
Xt =x€eR.

Define value function
V(t,x) = inf J(t,x; a).
a

Satisfies dynamic programming principle
V(t,x) =infE [/ 1(Xs,as)ds + V(7, X;) |, V1 e [t, T].
a t

Next: Derive Hamilton—Jacobi—Bellman equation.
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1t6's Formula

Let f € CY2((0, T) x R) and let
Xs = X; + /S b(r, X, )dr + /s o(r, X, )dW,.
t t
Then
() = e X) + [ A X+ [ X)X, )dr
t t

+ / r. X )o(r, X)W, + / (1, X)02(r, X )
t t

Lukas Wessels (Georgia Tech) Stochastic Optimal Control November 15, 2023 9/23



Derivation of the HJB Equation

Assume V € C12([t, T] x R). Then

V(rX,) = V(£ x) + /t Vi(s, X.)ds + /t Vils, Xs)dXs+% /t V(s X.)ds

= V(t,x) + /tT Vi(s, Xs) + Vie(s, Xs)b(Xs, as) + %vxx(s,xs)ds
+ /T Vi (s, Xs)o(Xs, as)d W,
t
Plugging this into the dynamic programming principle, we obtain
0=infE {/T I(Xs, as)ds + V (1, X;) — V(t,x)
a t

= ir;fE {/:/(Xs, as) + Vi(s, Xs) + Vi(s, Xs)b(Xs, as) + %VXX(S,XS)U2(X5, as)ds| .
Dividing by 7 — t and sending 7 | t yields . ..
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Hamilton—Jacobi—Bellman Equation

Dividing by 7 — t and sending 7 | t yields

Vi(t, x) +inf, {I(x, a) + Vi(t, x)b(x, a) + 3 Vix(t, x)0(x,a)} =0
V(T x) = g(x).
Remarks:
@ Fully nonlinear PDE for value function V.

@ Does not posses a classical solution (in general).
o Crandall, Evans, Lions and others developed solution theory in 1980s.
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Verification Theorem

Assume V € CY2((t, T) x R). If

1
al € argmin {/(X;, a) + Vi(s, XZ)b(XZ, a) + vax(s,xs*)f(xs*, a)} )

then a* is optimal.

Proof: By Ité’s formula, we have
E[V(T,X7)]

= V(t,x)+E

-
1
/ Vi(s, X)) + Vi(s, XZ)b(X], al) + EVXX(S, XX)o?(X, a:)ds] .
t
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Verification Theorem

Assume V € CY2((t, T) x R). If

1
al € argmin {/(X;, a) + Vi(s, XZ)b(XZ, a) + vax(s,xs*)f(xs*, a)} )

then a* is optimal.

Proof: Hence,

V(t,x)=E

)
g(X3) + / (X7, at)ds
t

s

.
1
- ]EV Vi(s, XZ) + 1(XZ, al) + Vil(s, X2)b(XS, a%) + vax(s,xs*)ol(x;, a*)ds] :
t
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Verification Theorem

Assume V € CY2((t, T) x R). If

1
al € argmin {/(X;, a) + Vi(s, XZ)b(XZ, a) + vax(s,xs*)#(xs*, a)} )

then a* is optimal.

Proof: Hence,

)
V(e =B |g0) + [ 10 a0)ds
t

.
- El/ Vi(s, XZ) + (X2, a2) + Vi(s, X2
t
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Optimal Synthesis

Assume

o I(x,a) = h(x)+ h(a)

@ b(x,a)=bi(x)—a

® o(x,a) = o1(x)
In this case,

ar € argmin {l (X)) + h(a) + Vi(s, XZ)b1 (X)) — Vil(s, X )a},
and the minimum is attained at
a; = DIy Y(Vi(s, XJ))-

— optimal control is of feedback form.
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Comparison with Reinforcement Learning — |l

Markov decision process:
@ S — state space
@ A — action space
@ P,(s,s') = Pr(s;11 = s'|st = s,a; = a) — transition probabilities
@ Ry(s,s’) — reward
Optimization objective:
o 7(s) - policy

o B[ 207 Ra(st,se41)] — reward to be maximized

Dynamic programming:
o V(s) =2, Pr(s)(5,5")(Rn(s)(s,8") +yV(s')) - value
o m(s) = argmax, {3, Pa(s,s")(Ra(s, s") +7V(s))}
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Viscosity Solutions — Motivation

Let ¢ € C>((0, T) x R) be such that V — ¢ has global maximum at (t,x), i.e.,

V(s,y) = V(t,x) < ¢(s,y) — ¢(t, x)

for all (s,y) € [0, T] x R. Then,
0=infE {/ I(Xs, as)ds + V(7, X;) — V(t, x)]
a t

<infE U; I(Xs, a5)ds + (7, X, ) — go(t,x)} .

Thus,

wr(t,x) + ir;f {/(x7 a) + px(t,x)b(x, a) + %g@xx(t,x)az(x, a)} > 0.
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Viscosity Solutions — Definition

Consider the HIB equation

{Vt(t, X) +inf, {1(x, a) + Vi(t, X)b(x, a) + 1 Vi (£, x)0%(x, )} = 0 Q)
V(T, x) = g(x).

Definition (Viscosity Solution)

V e C([0, T] x R) is a viscosity subsolution of (1), if V(T,y) < g(y) and
Vo € C=((0, T) x R) such that V — ¢ has a global maximum at (t,x), it holds

or(t, x) + ir;]c {/(x7 a) + ox(t, x)b(x, a) + %(pxx(t,x)g2(x, a)} >0
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Viscosity Solutions — Consistency

Let V € CY2((0, T) x R) be a classical solution of

{Vt(t, x) 4 inf, {I(x, a) + Vi (t, x)b(x, a) + 1 Vi (£, x)02(x,a) } = 0
V(T,x) = g(x)

and let ¢ € C>°((0, T) x R) be such that V — ¢ has a global maximum at (¢, x).
Then

Vt(ta X) = (pt(t,X), Vx(tvx) = (px(tvx)a Vxx(t’ X) < @xx(tvx)'

Hence,
oe(t, x) + ir;f {/(X7 a) + px(t, x)b(x, a) + %gpxx(t, x)o?(x, a)}
> Vi(t, x) + ir;f {/(X, a) + Vi(t,x)b(x, a) + %Vxx(t, x)o?(x, a)} =0

= Every classical solution is a viscosity solution.
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Viscosity Solutions and Optimal Control

We have shown:
o Existence: The value function is a viscosity solution.

@ Consistency: Every classical solution is a viscosity solution.
What about uniqueness?

@ Uniqueness: Proof is more involved (uses analytical methods).

Open problems:

@ Prove higher regularity of the viscosity solution (not possible in general).

@ How to construct optimal feedback controls without differentiability of the
value function?
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Stochastic PDEs

Consider the Nagumo equation

dXs = [AX, + X(Xs — 1) (3 — Xs)] ds + odW;, s €[0,100]
Xo = x € 1(0,20)

with Neumann boundary conditions and u = 15 15).

o =20.05 o =0.05
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Control of Stochastic PDEs

Introduce control a: [0,100] x [0,20] x Q@ — R

dX, = [AX; + Xs(Xs = 1) (3 — Xs) + as] ds + odW,, s € [0,100] *)
Xo = x € L%(0,20)

and cost functional

[/100/ — X"¥(5,€))" + a(s, €)deds +/A (Xoo(¢) = X7 (€))” de

where X" X7 are desired reference profiles.

Goal:

‘ Minimize J subject to (%) ‘
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General Setting

Minimize

-
J(t,x;a) =E / 1(Xs, as)ds + g(X7)

over admissible controls a: [t, T] x Q — H, subject to the abstract SDE

dXs = [AXs + b(X;, as)]ds + o(X;, as)dWs, s e[t T]
Xt =X€ Ha

where
@ /: Hx H — R are running costs,
@ g: H — R are terminal costs,
e A:D(A) C H— His a "nice” linear unbounded operator.
@ b and o are drift and diffusion coefficient, respectively.
o (Ws)sepo, 1 is a cylindrical Wiener process on (2, F, (Fs)sefo, 7], P)-
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Dynamic Programming

Value function
V(t,x) :=inf J(t, x; a)
a

satisfies dynamic programming principle
V(t,x) =infE [/ I(Xs, as)ds + V(1, X;) |, VT e [t, T].
a t

In this case, the HJB equation reads

Vi(t, x) + (Ax, DV (t, x))u
+inf, {I(x,a) + (DV(t,x), b(x, a))n + 3 Tr(c(x, a)o* (x,a)D*>V(t,x)} = 0
V( T, ) =8,

where DV and D?V are first and second order Fréchet differential of V with
respect to x.
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Remarks on the Infinite Dimensional Case

Difficulties:
@ The term (Ax, DV/(t, x)) is only defined for x € D(A) C H.
@ Bounded, closed sets in H are not compact.

~ resolved by Crandall, Ishii, Lions, Swigch, and others.

Open problems:
o Higher regularity of viscosity solution (not possible in general).

o Efficient numerical approximation of viscosity solution (“curse of
dimensionality”).
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