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Introduction

Minimize

T
J(t,x;a()) =E l/t 1(X(s),a(s))ds + g(X(T))

over admissible controls a(+) : [t, T] x Q — Ag subject to

{dX(s) = [AX(s) + b(X(s), a(s))]ds + o(X(s),a(s))dW(s), selt, T]
X(t)=x€H,

where
@ /: Hx Ag — R are running cost
@ g: H — R are terminal cost
e A:D(A) C H— H linear unbounded operator
@ b and o drift and diffusion coefficient

o (W(s))sepe, 7 cylindrical Wiener process
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Example: Stochastic Partial Differential Equations

Consider
A= Z;{j:l 0i(50)) + X1y bidi +
D(A) = Hz(0) N H?(0)

where aj; = aj, b € WH>(0), i,j=1,...,d, c € L>°(0), and for some 6 > 0

d

> a6 > 0l

ihj=1

Then A satisfies:

Assumption (Strong B-condition)

There is a strictly positive, self-adjoint operator B € L(H) such that A*B € L(H)
and for some cy > 0
—A*B+ B > 1.
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Example: Stochastic Delay Differential Equations

Consider

dy(s) = bo (¥(5). J°, m(©)y(s + €)d¢, a(s) ) ds
0 (¥(5), J2gm(E)y(s + €)dE, a(s)) dW(s),
y(6) =%, y(t+€&=x(6) vEe[-d,0).
Let H:=R" x L?([-d,0];R"). Define

Ax = [_X){(O} , D(A):={x=(x0,x)€EH: x € W*2([—d,0]; R"), x(0) = X},

b(x,a) := lbo (XO’ f—od nl(fz]xl(ﬁ)df, 3) + X0

o(x, u)w = [oo (X07f3d 772(§)X1(f)d§,a) w] .
0

Weak B-condition is satisfied for A. \

)
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Dynamic Programming

Minimize

J(t,x;a(:)) :=E [/t I(X(s),a(s))ds + g(X(T))

over admissible controls a(-) : [t, T] x Q — Ag subject to

{dX(s) = [AX(s) + b(X(s), a(s))]ds + o(X(s),a(s))dW(s), se]t, T]
X(t)=x € H,

Define value function
V(t,x) = |r(n; J(t, x; a(+)).

Satisfies dynamic programming principle
V(t,x) = |r(n;IE [/ 1(X(s),a(s))ds + V(r,X(7))], VT e [t, T].
al- t

Next: Derive Hamilton—Jacobi—Bellman equation.
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Derivation of the HJB Equation

Assume V is sufficiently regular. Then

VX)) = V(e + [ Vils X(Dds + [ (DV(s,X(5)).dX(5)
+3 | Vs X,
= V(t,x) + [ Vi(s, X(s)) + (DV(s, X(s)), AX(s))ds
N /t " (DV(s, X(s)), b(X(s), a(s)))ds
+ [ 3ToX(6), 250" (X(5) o) D2 Vi, X5l

+ /tT DV(s,X(s))a(X(s), a(s))dW(s).
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Derivation of the HJB Equation

Plugging this into the dynamic programming principle, we obtain

]; [/t I(X(s),a(s))ds + V(r,X(7)) — V(t, X)]
= infl2 [/t I(X(s), a(s)) + Vi(s, X(s)) + (DV(s, X(s)), b(X(s), a(s)))
+ Tr[o(X(s), a(s))o* (X(s), a(s)) D? V(S,X(s))]ds} .

Dividing by 7 — t and sending 7 | t yields

Vi(t,x) + (Ax, DV(t, x))
+inf, {I(x,a) + (DV(t, x), b(x, a)) + 2 Tr[o(x, a)o*(x,a) D>V (t,x)]} = 0

V(T,x) = g(x).
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Verification Theorem

Assume V is sufficiently regular. If
a*(s) € argmin {/(X*(s), a) + (DV(s, X*(s)), b(X*(s), a))

+ % THo(X*(s), a)o* (X* (s), ) D2V/(t, x)]},

then a* is optimal.

Assume I(x,a) = h(x) + k(a). Then, under certain assumptions,

a*(s) = DI, (DV/(s, X*(s))).

is optimal.
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Viscosity Solutions — Motivation

Consider one-dimensional HJB equation

{Vt(t, X) +inf, {1(x, a) + Vi(t, x)b(x, a) + L Vi (£, x)0%(x,a)} = 0
V(T.x)=g(x), x€R.

Let ¢ € C*((0, T) x R) be such that V — ¢ has global maximum at (t, x), i.e.,

V(Say) - V(t3 X) < QO(S,)/) - (p(t,X)
for all (s,y) € [0, T] x R. Then,

0=infE MT I(Xs, as)ds + V(1, X,) — V(t,x)]

<inf & | [ 10 ads + olr, %) — (0]

Thus,
1
o)+ 100,3) + (0B, 3) + Gpn(00)0%(x.2) | 20
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Viscosity Solutions — Definition

Consider the HIB equation

{Vt(t, X) +inf, {1(x, a) + Vi(t, X)b(x, a) + 1 Vi (£, x)0%(x, )} = 0 Q)
V(T, x) = g(x).

Definition (Viscosity Solution)

V e C([0, T] x R) is a viscosity subsolution of (1), if V(T,y) < g(y) and
Vo € C=((0, T) x R) such that V — ¢ has a global maximum at (t,x), it holds

or(t, x) + ir;]c {/(x7 a) + ox(t, x)b(x, a) + %(pxx(t,x)g2(x, a)} >0
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Viscosity Solutions — Consistency

Let V € CY2((0, T) x R) be a classical solution of

{Vt(t, x) 4 inf, {I(x, a) + Vi (t, x)b(x, a) + 1 Vi (£, x)02(x,a) } = 0
V(T,x) = g(x)

and let ¢ € C>°((0, T) x R) be such that V — ¢ has a global maximum at (¢, x).
Then

Vt(ta X) = (pt(t,X), Vx(tvx) = (px(tvx)a Vxx(t’ X) < @xx(tvx)'

Hence,
oe(t, x) + ir;f {/(X7 a) + px(t, x)b(x, a) + %gpxx(t, x)o?(x, a)}
> Vi(t, x) + ir;f {/(X, a) + Vi(t,x)b(x, a) + %Vxx(t, x)o?(x, a)} =0

= Every classical solution is a viscosity solution.
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Viscosity Solutions in Infinite Dimensions

HJB equation:

Vi(t, x) + (Ax, DV(t, x))
+inf, {I(x,a) + (DV(t,x), b(x, a)) + 3 Tr[o(x, a)o*(x,a) D?V(t,x)]} = 0
V(T,x) = g(x).

Follow same idea as in finite-dimensional case: Take test function ¢ and replace
derivatives of V by derivatives of .

Problematic term:
(Ax, Do(t, x)).

~ restrict class of test functions.
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Optimal Synthesis

Next steps:
@ Prove higher regularity of the value function.
@ Construct optimal feedbacks.

For step 1:

Theorem (Lasry, Lions 1986)

Let v: H — R be semiconvex and semiconcave. Then v € C*1(H).

Definition

v : H— R is semiconcave if

Av(x) + (1 = A)v(x') = v(Ax + (1 = A)x") < CA(1 = N)||x — X'H?_,

for all A € [0,1] and x,x" € H.

v semiconcave if and only if x — v(x) — C||x||? concave for some C.
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Semiconcavity of Value Function

Theorem (de Feo, Swiech, W. (2023+))
Let

@ b, 0, I, g be Lipschitz in x and linearly growing in (x, a),
@ b, o be CM1 in x,

e /, g be semiconcave in x.

Then, for every t € [0, T], the function V/(t,-) is semiconcave.

Proof (Sketch).

M(t, x1;a(:)) + (1 — N)J(t,x0; a()) — J(t, Axa + (1 — N)xo; a(+))

=E

+EPg(X(T)) + (1 = N)eg(Xo(T)) — g(Xx(T))]-

Use semiconcavity of /, g and estimates on || Xy — X*|? and || X1 — Xo|.

-
/t AM(X1(s),a(s)) + (1 — M I(Xo(s), a(s)) — [(Xx(s), a(s))ds]

O
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Semiconvexity of the Value Function

Case 1: Uniform Convexity of Running Cost in Control Variable

Theorem (de Feo, Swiech, W. (2023+))
Let
@ o be independent of a
@ assume mild regularity assumptions on the coefficients
@ g be semiconvex
o Hx N> (x,a)~ I(x,a) + C||x||% — v||al|A be convex
Then there is a constant vy such that if v > vy, then V(t,-) is semiconvex.

Proof (Sketch).

e+ AV(t,x1)+ (1= A)V(t,x) — V(t,xn)
= M(t, x5 a1()) + (1 = A)J(t, x0; a5(+)) — J(t, xx; a5(1))

Now use stochastic arguments similar to the ones used before. O
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Semiconvexity of the Value Function

Case 3: Comparison for the State Equation

Theorem (de Feo, Swiech, W. (2023+))

Let H = L?(0O) and let
@ o be independent of (x, a), b be of Nemytskii type and convex
e e be positivity preserving
o |, g convex and nonincreasing in x.

Then V/(t,-) is convex.

Proof (Sketch).

V(t,xx) < J(t,xn; a5(:)) <E l/t I(X*(s), a5(s))ds + g(X*(T))

Now, use monotonicity of /, g and Xj(s) > X*(s). Then, use convexity of
l,g.
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Optimal Synthesis

Let there be a Lipschitz continuous selection function

v:HXxH—= N, (x,p)+— v(x,p)€ arg main{(p7 b(x,a)) + I(x,a)}.

Theorem (de Feo, Swiech, W. (2023+))
Let o be independent of the control. Then the pair (a*(s), X*(s)), where

{3*(5) =7(X*(s), DV(s, X*(s)))
X*(s) = X(s, t,x;a*(-))

is an optimal couple.
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Optimal Synthesis — Proof

Consider the linear equation

ve + (Ax, Dv)y + %Tr[o(x)a*(x)D2 v] + (E(t, x), Dv)y + /N(t,x) =0,

where b(t, x) := b(x,y(x, DV(t,x))) and I(t, x) := I(x,y(x, DV(t,x))).
This equation has unique viscosity solution which is given by

)

T ~
v(t,x)=E l/t I(s, X(s))ds + g(X(T))

where X(s) is the solution of

{dX(s) = [AX(s) + b(s, X(s))]ds + o(X(s))dW(s)
X(t) = x.
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