
Stochastic optimal control in Hilbert spaces:

Optimal synthesis via viscosity solutions

Lukas Wessels

joint work with F. de Feo and A. �wi¦ch

www.lukaswessels.org

Seminar on Stochastic Processes

Rice University, March 13 � 16, 2024

Lukas Wessels (Georgia Tech) Stochastic Optimal Control March 13 � 16, 2024 1 / 3

www.lukaswessels.org


Optimal Control via Dynamic Programming

Minimize

J(t, x ; a(·)) := E

[∫ T

t

l(X (s), a(s))ds + g(X (T ))

]
over admissible controls a(·) : [t,T ]× Ω → Λ subject to{

dX (s) = [AX (s) + b(X (s), a(s))]ds + σ(X (s), a(s))dW (s), s ∈ [t,T ]

X (t) = x ∈ H,

where

l : H × Λ → R and g : H → R are running and terminal cost

A : D(A) ⊂ H → H linear unbounded operator

b and σ drift and di�usion coe�cient

(W (s))s∈[t,T ] cylindrical Wiener process
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Optimal Control via Dynamic Programming

Minimize

J(t, x ; a(·)) := E

[∫ T

t

l(X (s), a(s))ds + g(X (T ))

]
over admissible controls a(·) : [t,T ]× Ω → Λ subject to{

dX (s) = [AX (s) + b(X (s), a(s))]ds + σ(X (s), a(s))dW (s), s ∈ [t,T ]

X (t) = x ∈ H,

Value Function:

V (t, x) := inf
a(·)

J(t, x ; a(·)).

Dynamic Programming Principle:

V (t, x) = inf
a(·)

E
[∫ τ

t

l(X (s), a(s))ds + V (τ,X (τ))

]
, ∀τ ∈ [t,T ].
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HJB Equation and Optimal Synthesis

Hamilton�Jacobi�Bellman equation:
Vt(t, x) + ⟨Ax ,DV (t, x)⟩
+ infa

{
1

2
Tr[σ(x , a)σ∗(x , a)D2V (t, x)] + ⟨DV (t, x), b(x , a)⟩+ l(x , a)

}
= 0

V (T , x) = g(x).

Optimal Synthesis: Assume V is smooth and l(x , a) = l1(x) + l2(a). Then,

a∗(s) = Dl−1

2
(DV (s,X ∗(s)))

is optimal.

Question: What can we do if V is not smooth?

→ For the answer, come and see my poster!
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