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Finite Dimensional Control Problem

Fix 0 <t<T <ooand x=(21,...,7,) € (RY)™. Minimize

T n
Jn(t,x;a()) == E l/t (Tll Z (L (Xi(s), px(s)) + lz(ai(s)))> ds +MT(#X(T))]
subject to

{dXz'(S) = [~ai(s) + b(Xi(s), px(s))]ds + o (Xi(s), px(s))dW (s)
Xz(t) =x; € Rd,

1 =1,...,n. Here:
@ b, o drift and noise coefficient, respectively.
o (W (s))se[t,m) Wiener process — common noise.
® fix := 23" | §,, empirical measure
e a(:) = (ai(+),...,an(") : [t,T] x Q' — (R%)™ control
o [1 : R? x Py(R?) — R and I : RY — R running cost
e Ur : P2(R%) — R terminal cost
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Example for Uy

Z/{T : PQ(Rd) — R.
Q ¢:R = R:

Rd
Qd):Rd—)R,g:R—)R:

Q@n:RHY™ =R, g:R—=R:

_g(/Rd /Rd (21, oy T pp(dy) - - u(dxm)>
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Dynamic Programming

Define value function

Un (t,x) 1= 1r(1i; Jn(t,x;a(+)).
Satisfies Hamilton—Jacobi—Bellman equation

{&un + %Tr(An(x, ) D) — %Z?Zl H(wi, pix,n Dy, uup) =0 (HJB,)

un(T,x) = Ur(px), x € RH™,

where A, (x, i) is nd X nd-square matrix, Hamiltonian
H :R? x Py(R?) x R? — R is given by
H(x, p,p) = =b(x, 1) - p = lu(@, p) + sup (¢ - p — l2(q)).

q€eR?

Example: n=2,d=1, 0 =1. Then

1 1
Aot =} 1)-
~> degenerate!
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Limiting Equation

Formally w,, converges to solution of

OU(t, ) + 5 Jga Tr [Da0uU(t, p) ()0 (, p)o T (2, )] p(d)

+5 Jgay Tr[OU(t 1) (a, w’)UT(w,u)o(ﬂc’,u)} pi(dz)p(dz’) (HJB.)
= Jpa H(@, p, 0,U (L, ) () p(da) =
U(T, p) = Ur(p), p e Pa(RY)
PDE on Wasserstein space P2(R?) ~~ hard to solve.
Lions’ lifting:
PQ(Rd) E = LZ(Q;Rd)a Q= (O’ 1)
V:Py(RY) - R ViE—-R, V(X):=V(XLY
Lifted equation:
Vv + 1! (DVS(X)el,, (X)eh) s — H(X, XeL!, DV) =0 (HIB,)
V(T,X)=Ur(X), Xe€E, T

where Uy is lift of Uy and (€], )m—1.....a standard basis of R? .
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Infinite Dimensional Control Problem

Consider infinite dimensional SDE
{dX(s) = [~a(s) + B(X(s))]ds + £(X (s))dW (s)

X(t)=X€E,

where
B:E—E B(X)(w) := b(X (w), XsL)
Y E— LR E)

Cost functional

)

T
J(t, X;a() =E /t (L1(X(s)) + La(a(s))) ds + Ur(X(T))

where
Li(X) = /Q WX (@), XeLD)dw, Lo(X) = /Q I (X (w))dw.

Define value function
Ut,X):= inf J(t, X, a(-)).
(t, X) a(})neAt( a(*))
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Assumptions

Assumption (Regularity)

Let ly,Ur,b,o be Lipschitz w.r.t. | - | x d,(-,-)-distance, r € [1,2), and let their
lifts be C*+t.

Assumption (Convexity of I5)
Let

p+ la(p) — vip?

be convex for some constant v > 0.

Assumption (Linear-Convex Case)

Let the lifts of b and o be affine linear, and let the lifts of l1 and Ur be convex.
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Convergence — Outline

O Define Vy (¢, fix) := un(t,X), px =130 6,
Q Show that [V, (t, six) — Vi (5, sty )| < Cdy (i, iy ) + Crl|t — s|2.
© Extend V, to V, : [0,T] x P2(R%) — R by

V(t, 1) = sup{ w(t, 8) — 2C4d,( Zéwi} .

Q@ Show that [V, (t, 1) — Vo (s, B)| < 2Cd, (1, B) 4+ C|t — s|2.

Q P2(RY) is compactly embedded in P,.(R?), r € [1,2). Thus, we can apply
Arzela-Ascoli. = V,, — V on bounded subsets of P»(R%).

Define V' : [0,7] x E — R by

V(t, X) = V(t, Xy L).
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Convergence — Theorem

For every bounded set B in P2(R%), we have

1 n
Un(t, X1y ey Tp) =V (t’E;(Sm)‘

1 n
Sz, xn) € (0,T] x (RH™, =Y 6, € By =
(t,21,.2n) € (0,T) x (RY) n; . € } 0

lim sup {
n—oo

and V is the unique L-viscosity solution of (HJB,). Moreover, V.= U, where U
is the value function of the infinite dimensional control problem.
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Cb1 Regularity

Theorem (Lasry, Lions (1986)

v: H — R semiconcave, semiconvex, continuous = v € CH(H).

Proposition (Semiconcavity)

Let all coefficients be Lipschitz w.r.t. the di(-,-)-distance. Then, for every t,
U(t,-) is semiconcave with the semiconcavity constant independent of t.

Proposition (Semiconvexity: Case 1)

Let all coefficients be Lipschitz w.r.t. the dy(-,-)-distance. There is a constant v
such that if v in Assumption (Convexity of l5) satisfies v > vy, then, for every t,
U(t,-) is semiconvex with the semiconvexity constant independent of t.

Proposition (Semiconvexity: Case 2)

Let the state equation be affine linear and the cost be convex. Then, for every t,
U(t,-) is convex.
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ForneN,ie{l,...,n}, let A} = (=1,
V1 [0,T] x (RH)™ HR

Valt,z1,...,zn) =V (LZ@L@) )
i=1

% C Q. Now, we introduce

Theorem (Projection under C™! regularity)
Let V(t,-) € CLY(E), for every t. Then, it holds

Va(t,x) = un(t,x), (£,%) € [0,T] x (RY)™.

Theorem (Projection without C'! regularity)

Let the state equation be affine linear and let the coefhicients of the cost
functional be Lipschitz. Then, it holds

Vi(t,X) = un(t,%x), (t,x) € [0,T] x (RH)™.
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Proof of Projection: V,, < u,

For any control a(-) € A}, we have

Ju(t,x;a(-)) = ‘](t7 Xn; an(-)),

where X = 31" 2ilap and a™() = X7 ai(-)1an.

Let X (-) be solution with initial condition X* and control a™(-). Then,

X s):ixilA?—/ Zaz 1Andr—|—/ B(X ))dr+/tSZ(X(r))dW(r)

P-as., for every s € [t,T).
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Proof. (cont.)

Therefore, for almost every w € A? = (=1, L), we have

X(s,w) =x; — /ts a;(r)dr + /ts b(X (r,w), X (r)«L)dr

F /ts O'(X(Tv (U), X(r)#ﬁl)dW(T)

px(s = (X)Ll = X(s,w) = X2 (w). Thus,

/tT( /Q L (XX w), (XXO) LV dw+ /Q zg(xgbqs)(w))dw)ds ey Xi((T))]

T
/t (; Z (L (Xi(s), x(s)) + la(Xi(S)))> ds + Ur (ux(r))
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Proof of Projection: V,, < u,

For any control a(-) € A}, we have

In(t,x;a(:)) = J (&, X755 an(-)),

where X3t =370y wilap and an(") = 35y ai()Lay-

Proposition
It holds

Vn(tax) S uﬂ(t?x)
for all (t,x) € [0,T] x (R%)™.
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Proof of Projection: V,, > u,, using "' Regularity

Proposition
Let V(t,-) € CYY(E), for every t € [0,T]. Then, it holds

Vo (t, %) > up(t, x)

for all (t,x) € [0,T] x (R%)™.

Strategy: Show that V,, is a viscosity supersolution of (HJB,,) and use comparison.

Definition (Viscosity Supersolution)

V, € C([0,T] x (RH)™) is a viscosity supersolution of (HJB,,), if
V(T p1x) > Ur(px) and for all test functions ¢ € C12((0,T) x (R?)™) such that
Vi, — o has a global minimum at (ty, %), it holds

1

1 n
Orp + 3 Tr(An (%o, fix, ) D T n Z_: (T0is txo> Dz, ) < 0.
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Proof of Projection: V,, > u,, using "' Regularity

Let ¢ : (0,T) x (RY)™ — R be a test function, i.e. (w.l.o.g)
o (Vi, — ¢)(to,0) = 0 is global minimum
4 at(p(to,()) =0 and Dg@(to,()) = 0.

V :[0,T] x E — R is viscosity solution of HJB+. ~~ lift test function to E.

Natural embedding of (R4)" in E:

RH 5 x = (21,...,Tn) inlA; €eFE

=1

Extend \/ﬁlA;l to basis of L2(€2), denoted by (f;)ien, and let (ex)x—1,...4 be basis

of R%. Then

oo

n n d 0 d
X=PX+P'X=> wfi+ >, wifi=Y_ Y vifiek+ > Y ulfier

=1 i=n+1 =1 k=1

i=n+1 k=1
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Proof. (cont.)
Define ¢: (0,7) x E — R by

@(tv X) = (,O(t, \/ﬁy)

Consider test function
- €
(0,7) x B> (¢, X) = V(t, X) = 5(t, X) +e((t — to)* + [ Pa X |15) + 511 Pa X I3

Now, show that for (¢, X) in the boundary of some neighborhood K around
(t070)

V(t, X) = ¢(t, X) +e((t —t0)* + | PaX %) + 5 I1Pr X% = v > 0.

€
ol
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Proof. (cont.)

Since V (g, 0) — ¢(t9,0) = 0, we can apply Ekeland-Lebourg to produce
minimum of

. €
V({t,X) - ¢(t, X) +e((t —to)? + | P.X|5) + ﬁlanLXII% +at+(Z,X)p
at some point (s, X5) inside K;. Since V is viscosity solution of HJB¢, we have

01p(ts, Xs) — 2e(ts —to) —a

d/
1 - 5
+5 D (D*G(ts, X5) — 26Pn — 25 P )S(Xs) e, B(Xs)eh,) &
2 e~ 02
. . €
— H(Xs,(X5)eLY, D(ts, Xs) — 2Py X5 — zéﬁp,f)q —Z)<0.
Taking the limit € — 0 concludes the proof. |
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