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Finite Dimensional Control Problem

Fix 0 ≤ t < T < ∞ and x = (x1, . . . , xn) ∈ (Rd)n. Minimize

Jn(t,x;a(·)) := E

[∫ T

t

(
1

n

n∑
i=1

(
l1(Xi(s), µX(s)) + l2(ai(s))

))
ds+ UT (µX(T ))

]

subject to{
dXi(s) = [−ai(s) + b(Xi(s), µX(s))]ds+ σ(Xi(s), µX(s))dW (s)

Xi(t) = xi ∈ Rd,

i = 1, . . . , n. Here:

µx := 1
n

∑n
i=1 δxi

empirical measure

(W (s))s∈[t,T ] Wiener process � common noise.

a(·) = (a1(·), . . . , an(·)) : [t, T ]× Ω′ → (Rd)n control

l1 : Rd × P2(Rd) → R and l2 : Rd → R running cost

UT : P2(Rd) → R terminal cost
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Example for UT

UT : P2(Rd) → R.
1 ϕ : Rd → R:

UT (µ) :=

∫
Rd

ϕ(y)µ(dy) =
1

n

n∑
i=1

ϕ(xi), where µ =
1

n

n∑
i=1

δxi
.

2 ϕ : Rd → R, g : R → R:

UT (µ) := g

(∫
Rd

ϕ(y)µ(dy)

)
= g

(
1

n

n∑
i=1

ϕ(xi)

)
, where µ =

1

n

n∑
i=1

δxi
.

3 η : (Rd)2 → R, g : R → R:

UT (µ) = g

(∫
Rd

∫
Rd

η(y, z)µ(dy)µ(dz)

)

= g

 1

n2

n∑
i,j=1

η(xi, xj)

 , where µ =
1

n

n∑
i=1

δxi .
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Dynamic Programming

De�ne value function

un(t,x) := inf
a(·)

Jn(t,x;a(·)).

Satis�es Hamilton�Jacobi�Bellman equation{
∂tun + 1

2Tr(An(x, µx)D
2un)− 1

n

∑n
i=1 H(xi, µx, nDxi

un) = 0

un(T,x) = UT (µx), x ∈ (Rd)n,
(HJBn)

where An(x, µ) is nd×nd-square matrix, Hamiltonian
H : Rd × P2(Rd)× Rd → R is given by

H(x, µ, p) = −b(x, µ) · p− l1(x, µ) + sup
q∈Rd

(q · p− l2(q)).

Example: n = 2, d = 1, σ ≡ 1. Then

A2(x, µx) =

(
1 1
1 1

)
.

⇝ degenerate!
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Limiting Equation

Formally un converges to solution of
∂tU(t, µ) + 1

2

∫
Rd Tr

[
Dx∂µU(t, µ)(x)σ(x, µ)σ⊤(x, µ)

]
µ(dx)

+ 1
2

∫
(Rd)2

Tr
[
∂2
µU(t, µ)(x, x′)σ⊤(x, µ)σ(x′, µ)

]
µ(dx)µ(dx′)

−
∫
Rd H(x, µ, ∂µU(t, µ)(x))µ(dx) = 0

U(T, µ) = UT (µ), µ ∈ P2(Rd)

(HJB∞)

PDE on Wasserstein space P2(Rd) ⇝ hard to solve.

Lions' lift:

P2(Rd) E := L2(Ω;Rd), Ω = (0, 1)

V : P2(Rd) → R V : E → R, V (X) := V(X#L1)

Lifted equation:{
∂tV + 1

2Tr(Σ(X)(Σ(X))∗D2V )− H̃(X,X#L1, DV ) = 0

V (T,X) = UT (X), X ∈ E,
(HJB↑)

where UT is lift of UT .
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In�nite Dimensional Control Problem

Consider in�nite dimensional SDE{
dX(s) = [−a(s) +B(X(s))]ds+Σ(X(s))dW (s)

X(t) = X ∈ E,

where

B : E → E B(X)(ω) := b(X(ω), X#L1)

Σ : E → L(Rd′
, E) Σ(X)(ω) := σ(X(ω), X#L1)

Cost functional

J(t,X; a(·)) = E

[∫ T

t

(L1(X(s)) + L2(a(s))) ds+ UT (X(T ))

]
,

where

L1(X) :=

∫
Ω

l1(X(ω), X#L1)dω, L2(X) :=

∫
Ω

l2(X(ω))dω.

De�ne value function
U(t,X) := inf

a(·)
J(t,X, a(·)).
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Main Results

Objects of interest:

un : [0, T ]× (Rd)n → R � �nite-dim value functions

U : [0, T ]× L2(Ω;Rd) → R � in�nite-dim value function

How to connect these two?

De�ne Ṽn(t, µx) := un(t,x), µx = 1
n

∑n
i=1 δxi .

Extend Ṽn to a function Vn : [0, T ]× P2(Rd) → R

Main results:

1 Convergence of Vn → V, where V lifts to U .

2 C1,1 regularity of U .

3 Exact projection of U onto un.

4 Lifting and projection of optimal controls.
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Convergence

1 De�ne Ṽn(t, µx) := un(t,x), µx = 1
n

∑n
i=1 δxi

.

2 Extend Ṽn to Vn : [0, T ]× P2(Rd) → R.
3 Show that Vn is equicontinuous and bounded in [0, T ]× Pr(Rd), r ∈ [1, 2).
4 P2(Rd) ⊂ Pr(Rd) compactly =⇒ Vn → V on bounded subsets of P2(Rd).
5 De�ne lift V : [0, T ]× E → R by V (t,X) := V(t,X#L1)
6 Show that V satis�es (HJB↑) and hence V = U .

Theorem (Convergence)

For every bounded set B in P2(Rd), we have

lim
n→∞

sup

{∣∣∣∣∣un(t, x1, . . . , xn)− V

(
t,
1

n

n∑
i=1

δxi

)∣∣∣∣∣
: (t, x1, . . . , xn) ∈ (0, T ]× (Rd)n,

1

n

n∑
i=1

δxi
∈ B

}
= 0

and V is the unique L-viscosity solution of (HJB∞). Moreover, V = U .
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C1,1 Regularity of U

Theorem (Lasry, Lions (1986))

v : H → R semiconcave, semiconvex, continuous =⇒ v ∈ C1,1(H).

Proposition (Semiconcavity)

Let all coe�cients be Lipschitz w.r.t. the d1(·, ·)-distance and C1,1. Then, for
every t, U(t, ·) is semiconcave with the semiconcavity constant independent of t.

Proposition (Semiconvexity: Case 1)

Let all coe�cients be Lipschitz w.r.t. the d1(·, ·)-distance and C1,1. Let the
control cost be strongly convex. Then, for every t, U(t, ·) is semiconvex with the
semiconvexity constant independent of t.

Proposition (Semiconvexity: Case 2)

Let the state equation be a�ne linear, the costs be C1,1, and the control cost be
convex. Then, for every t, U(t, ·) is convex.
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Projection

For n ∈ N, i ∈ {1, . . . , n}, let An
i =

(
i−1
n , i

n

)
⊂ Ω. Now, we introduce

Vn : [0, T ]× (Rd)n → R,

Vn(t, x1, . . . , xn) := V

(
t,

n∑
i=1

xi1An
i

)
.

Theorem (Projection under C1,1 regularity)

Let V (t, ·) ∈ C1,1(E), for every t. Then, it holds

Vn(t,x) = un(t,x), (t,x) ∈ [0, T ]× (Rd)n.

Theorem (Projection without C1,1 regularity)

Let the state equation be a�ne linear and let the control cost be convex. Then, it
holds

Vn(t,x) = un(t,x), (t,x) ∈ [0, T ]× (Rd)n.
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