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Finite Dimensional Control Problem

Fix 0<t<T <ooand x=(21,...,7,) € (R)™. Minimize

T n
Ju(t,x;a(-) == E l/t (711 Z ((Xi(s), px(s)) + lz(ai(s)))> ds +UT(HX(T))]

subject to

{dXz(s) = [_ai(s) + b(Xl(S)7 /‘X(s))]ds + U(Xi(s)a /qu(s))dW(s)
Xz(t) =x; € Rd,

i1=1,...,n. Here:
® fix := 13" | §,, empirical measure
o (W (s))se[t,r) Wiener process — common noise.
o a(t)=(ar(),...,an()) : [t,T] x Q" — (R%)™ control
e [; : R? x Py(R?) — R and I, : RY — R running cost
o Ur : P2(R?) — R terminal cost
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Dynamic Programming

Define value function

Un (t,x) 1= 1r(1i; Jn(t,x;a(+)).
Satisfies Hamilton—Jacobi—Bellman equation

{&un + %Tr(An(x, ) D) — %Z?Zl H(wi, pix,n Dy, uup) =0 (HJB,)

un(T,x) = Ur(px), x € RH™,

where A, (x, i) is nd X nd-square matrix, Hamiltonian
H :R? x Py(R?) x R? — R is given by
H(x, p,p) = =b(x, 1) - p = lu(@, p) + sup (¢ - p — l2(q)).

q€eR?

Example: n=2,d=1, 0 =1. Then

1 1
A2(X7 ,ux) - <1 1) :
~> Degenerate!
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Limiting Equation

Formally w,, converges to solution of

OU(t, 1) + 5 [ Tr [DaOU(t, p) (z)o (2

1o T (x, )] p(d)
+3 Jgay: Tr [OU(t, p) (2, 2")o (z, p)o ' (2,

)] p(d) p(da’)

(HJBL.)
= Jga H(, 11, 0,U(L, 1) () p(d) = 0
UT, 1) =Ur(p), pe Pa(RY)
PDE on Wasserstein space P2(R?) ~~ hard to solve.
Lions’ lift:
Py(RY) E:=L*(Q;RY), Q=(0,1)
V:Py(RY) = R V:E—=R, V(X):=V(XeLh)
Lifted equation:
OV + 3Tr(S(X)(Z(X))*D?V) — H(X, X4 L}, DV) =0 (HJB))
V(T,X)=Ur(X), XE€E, T

where Uy is lift of Ur.
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Infinite Dimensional Control Problem

Consider infinite dimensional SDE
{dX(s) = [—a(s) + B(X(s))]ds + (X (s))dW (s)

X(t)=X €E,

where
B:E—FE B(X)(w) := b(X (w), Xs L)

Y:E— LR?Y,E) 2(X)

Cost functional

T
J(t, X5a() =E A (L1(X(s)) + La(a(s))) ds + Ur(X(T))

where

<mmy:4ha@%&ﬁm% @mmzébm@mm

Define value function
Ut,X) := 1r(1f) J(t, X, a(")).
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Main Results

Objects of interest:
° u,:[0,7] x (R")" - R - finite-dim value functions
o U:[0,T] x L?(;R%) — R - infinite-dim value function

How to connect these two?
o Define V, (t, pix) = un(t,x), pix =230 0y,
e Extend V, to a function V), : [0,T] x Po(R%) — R

Main results:
@ Convergence of V,, — V), where V lifts to U.
Q@ COb! regularity of U.
© Exact projection of U onto u,,.
@ Lifting and projection of optimal controls.
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Convergence

O Define Vo (, fix) = un(t,X), pix = 230 s

Q Extend V, to V, : [0,T] x P2(R%) — R.

© Show that V), is equicontinuous and bounded in [0, 7] x P,.(R9), r € [1,2).
Q P2(RY) C P.(RY) compactly = V,, — V on bounded subsets of Py(R?).
Q Define lift V: [0,7] x E — R by V(t, X) := V(t, Xu L)

© Show that V satisfies (HJB+) and hence V =1U.

Theorem (Convergence)

For every bounded set B in Py(R?), we have

1 n
un(t,xl,...,xn) -V (t’ﬁ§5r‘>|

1 n
(1, xn) € (0,T] x (RH, =Y 6, e By =0
(7x17 ,.’L‘)E( ]X( ) Tl; ze }

lim sup {
n—oo

and V is the unique L-viscosity solution of (HJB.,). Moreover, V =U.
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CY1 Regularity of U

Theorem (Lasry, Lions (1986))

v: H — R semiconcave, semiconvex, continuous = v € CH(H).

Proposition (Semiconcavity)

Let all coefficients be Lipschitz w.r.t. the dy(-,-)-distance and C*:1. Then, for
every t, U(t,-) is semiconcave with the semiconcavity constant independent of t.

Proposition (Semiconvexity: Case 1)

Let all coefficients be Lipschitz w.r.t. the d(-,-)-distance and C1:1. Let the
control cost be strongly convex. Then, for every t, U(t,-) is semiconvex with the
semiconvexity constant independent of t.

Proposition (Semiconvexity: Case 2)

Let the state equation be affine linear, and the cost be C'! and convex. Then,
for every t, U(t,-) is convex.
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Projection

ForneN,ie{l,...,n}, let A? = (=1, 1) C Q. Now, we introduce
V,: [0,7] x (R)" - R,

Valt, 21, 2pn) =V (t,inlA;l) )
i=1

Theorem (Projection under C™! regularity)
Let V(t,-) € CLL(E), for every t. Then, it holds

Vit x) = un(t,x), (t,%) € [0,T] x (RY)™.

Theorem (Projection without C! regularity)

Let the state equation be affine linear and let the cost be convex. Then, it holds

Vi(t,X) = un(t,%x), (t,x) € [0,T] x (RH)".
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Outlook: Mean-Field Control in Hilbert Spaces

Fix 0<t<T <ooand x=(x1,...,2,) € H". Minimize

T 1 n 1 n
Ju(t,x;a(-) =E [/ - Zl(xi(5>7ﬂx(s)7ai(3)>ds + - ZUT(%‘(T)’ P (T)
t i=1 i=1
subject to

dxz(s) = [Axi(s) + f(xi(s)a Hx(s)s ai(s))]ds + O'(xi(s)a ,ux(s))dW(S)7 s € [t’ T]
zi(t) =x; € H,

i=1,...,n. Here:
o H real, separable Hilbert space.
e A:D(A) C H— H unbounded operator
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Outlook: Mean-Field Control in Hilbert Spaces

Limiting equation on Wasserstein space:

AU (A D0 )

+3 [ T (Do Ut p) () (2, o ( ]u dz)

+% foH Tr [031/{(15, w)(z, z')o(x, ) x, ] p(da)p(dz’)

+ [y Hw, 1, U (L, p) (2)) p(dz) = ( p) € (07T> x Py(H)
UT,p) = [y Ur(z,p)p(de), pe 7’2( ).

Lifting procedure: Let £ = L?(); H). Lifted HJB

OV + Tr(2(X)(2(X))*D2V)+(AX, DV)+H(X,DV) = 0
V(T,X)=Ur(X), XE€E,

where A: D(A) C E — E is given by A(X)(w) := A(X(w)).
New challenges:

@ Loss of local compactness in H.
@ Need to work with weaker space H_; D H
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