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Symmetric N -Player Games

State equation: Players modeled by

dXi(s) = b(Xi(s), αi(s), µX(s))ds+ σ(Xi(s))dW i(s), i = 1, . . . , N

where µX(s) :=
1
N

∑N
j=1 δXj(s) and αi(·) denotes the control.

Cost Functional: Minimize

J i(α1(·), . . . , αN (·)) = E

[∫ T

t

f(Xi(s), αi(s), µX(s))ds+G(Xi(T ), µX(T ))

]

Nash Equilibrium: Controls α1,∗(·), . . . , αN,∗(·) are Nash equilibrium, if

J i(α1,∗(·), . . . , αi,∗(·), . . . , αN,∗(·)) ≤ J i(α1,∗(·), . . . , αi(·), . . . , αN,∗(·))

for all controls αi(·), and for all i ∈ {1, . . . , N}.
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Mean Field Games

State: Given a �ow of measures (m(s))s∈[t,T ], consider

dX(s) = b(X(s), α(s),m(s))ds+ σ(X(s))dW (s), X(t) = x.

where α(·) denotes the control.
Value Function:

v(t, x) := inf
α(·)

E

[∫ T

t

f(X(s), α(s),m(s))ds+G(X(T ),m(T ))

]

Hamilton�Jacobi�Bellman Equation:{
∂tv(t, x) +

1
2Tr[σ(x)σ

∗(x)D2v(t, x)]−H(x,Dv(t, x),m(t)) = 0

v(T, ·) = G(·,m(T ))
(HJB)

where the Hamiltonian is given by

H(x, p, µ) = sup
α∈Λ0

{−⟨b(x, α, µ), p⟩ − f(x, α, µ)}.
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Mean Field Games � Continued

Hamiltonian:

H(x, p, µ) = sup
α∈Λ0

{−⟨b(x, α, µ), p⟩ − f(x, α, µ)}. (1)

Optimal control maximizes Hamiltonian:

α∗(s, x) = argmax
α∈Λ0

{−⟨b(x, α,m(s)), Dv(s, x)⟩ − f(x, α,m(s))}

Di�erentiating (1), we obtain optimal drift

b(x, α∗(s, x),m(s)) = −Hp(x,Dv(s, x),m(s)).

New state:

dX(s) = −Hp(x,Dv(s, x),m(s))ds+ σ(X(s))dW (s), X(t) = x.

Associated Fokker�Planck Equation:{
∂tm(t)− 1

2Tr[D
2(σ(x)σ∗(x)m(t))]− div (Hp(x,Dv(t, x),m(t))m(t)) = 0

m(0) = m0.
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MFG System: Existence of Solutions

Nash equilibrium leads to coupled system of PDEs:

∂tv(t, x) + Lv(t, x)−H(x,Dv(t, x),m(t)) = 0, v(T, ·) = G(·,m(T ))

∂tm(t)− L∗m(t)− div (Hp(x,Dv(t, x),m(t))m(t)) = 0, m(0) = m0 ∈ P1(H),

where

Lϕ(x) =
1

2
Tr[σ(x)σ∗(x)D2ϕ(x)].

How to construct solution?

1 Given (mn(s))s∈[t,T ], solve HJB equation to obtain vn.

2 Given Hp(x,Dvn(t, x),mn(t)), solve linear FP equation to obtain mn+1.

3 Show that this procedure has a �xed point.
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MFG System: Uniqueness of Solutions

Assumptions:

Separated structure: H(x, p, µ) = H0(x, p)− F (x, µ).

H0 is convex in p.

F and G are Lasry�Lions monotone

H0 strictly convex in p, i.e.,

H0(x, p1)−H0(x, p2)− ⟨H0
p(x, p2), p1 − p2⟩ = 0

=⇒ H0
p(x, p1) = H0

p(x, p2)

Classical argument: Let (v1,m1) and (v2,m2) be two solutions. Then v̄ = v1 − v2
satis�es

∂tv̄(t, x) + L0v̄(t, x) = H(x,Dv1(t, x),m1(t))−H(x,Dv2(t, x),m2(t)).
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MFG System: Uniqueness of Solutions � Continued

Using v̄ as a test function, we obtain∫
H

v̄(T, x)(m1−m2)(T, dx) =

∫ T

0

(∫
H

[∂tv̄(t, x) + L0v̄(t, x)] (m1−m2)(t, dx)

)
dt

−
∫ T

0

(∫
H

⟨H0
p(x,Dv1(s, x)), Dv̄(t, x)⟩m1(t, dx)

−
∫
H

⟨H0
p(x,Dv2(t, x)), Dv̄(t, x)⟩m2(t, dx)

)
dt

Now, we plug in the equation for v̄, i.e.,

∂tv̄(t, x) + L0v̄(t, x) = H(x,Dv1(t, x),m1(t))−H(x,Dv2(t, x),m2(t))

and use the separated structure of H to obtain. . .
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MFG System: Uniqueness of Solutions � Continued 2

0 =

∫
H

[G(x,m1(T ))−G(x,m2(T ))] (m1 −m2)(T, dx)

+

∫ T

0

∫
H

[F (x,m1(t))− F (x,m2(t))](m1 −m2)(t, dx)dt

+

∫ T

0

∫
H

[
H0(x,Dv2(t, x))−H0(x,Dv1(t, x))

− ⟨H0
p(x,Dv1(t, x)),−Dv̄(t, x)⟩

]
m1(t, dx)dt

+

∫ T

0

∫
H

[
H0(x,Dv1(t, x))−H0(x,Dv2(t, x))

− ⟨H0
p(x,Dv2(t, x)), Dv̄(t, x)⟩

]
m2(t, dx)dt.

Since G and F Lasry�Lions monotone, �rst two terms are non-negative. Since
H0 convex in p, third and fourth term are non-negative. Due to strict convexity of
H0

p, we obtain

H0
p(x,Dv1(t, x)) = H0

p(x,Dv2(t, x)) m1(t)− and m2(t)− a.e. for t ∈ [0, T ].

=⇒ m1 = m2 by uniqueness of weak solutions of (5) with
w(t, x) = H0

p(x,Dv1(t, x)). Conclude that v1 = v2 using uniqueness of viscosity
solutions of HJB equation.
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Why Study MFG in Hilbert Spaces?

Consider{
dy(s) = b0

(
y(s),

∫ 0

−d
η(θ)y(s+ θ)dθ, α(s)

)
ds+ σ0(y(s))dW (s)

y(t) = x0, y(θ) = x1(θ), θ ∈ [−d, 0)

Not Markovian! ⇝ Introduce H = R× L2(−d, 0); de�ne A : D(A) ⊂ H → H,

Ax =

[
0
x′
1

]
, D(A) =

{
x = (x0, x1) ∈ H : x1 ∈ W 1,2(−d, 0), x1(0) = x0

}
and b : H × Λ0 → H,

b(x, α) =

[
b0

(
x0,
∫ 0

−d
η(θ)x1(θ)dθ, α

)
0

]
, σ(x) =

[
σ0(x0)

0

]
.

Consider {
dX(s) = [AX(s) + b(X(s), α(s))]ds+ σ(X(s))dW (s)

X(t) = x.
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Why Study MFG in Hilbert Spaces? � Continued

Delay SDE:{
dy(s) = b0

(
y(s),

∫ 0

−d
η(θ)y(s+ θ)dθ, α(s)

)
ds+ σ0(y(s))dW (s)

y(t) = x0, y(θ) = x1(θ), θ ∈ [−d, 0)
(2)

Lifted SDE:{
dX(s) = [AX(s) + b(X(s), α(s))]ds+ σ(X(s))dW (s)

X(t) = x.
(3)

Given controls α and initial condition x = (x0, x1), let y
x,α(·) be the solution of

(2) and Xx,α(·) be the solution of (3). Then, under appropriate assumptions, it
holds

Xx,α(t) = (yx,α(t), yx,α(t+ ·)|[−d,0]) ∀t ≥ 0.
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MFG System in Hilbert Spaces

MFG system:

∂tv(t, x) + Lv(t, x)−H(x,Dv(t, x),m(t)) = 0, v(T, ·) = G(·,m(T ))

∂tm(t)− L∗m(t)− div (Hp(x,Dv(t, x),m(t))m(t)) = 0, m(0) = m0 ∈ P1(H)

where

Lϕ(x) := ⟨Ax,Dϕ(x)⟩+ 1

2
Tr[σ(x)σ∗(x)D2ϕ(x)]

Di�culties:

. Degenerate noise =⇒ No smooth solutions to HJB and FP (in general)

. H is ∞-dim =⇒ Bounded sets are not precompact

. A unbounded =⇒ Ax only de�ned for x ∈ D(A)
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MFG System in Hilbert Spaces: Notion of Solution

MFG system:

∂tv(t, x) + Lv(t, x)−H(x,Dv(t, x),m(t)) = 0, v(T, ·) = G(·,m(T ))

∂tm(t)− L∗m(t)− div (Hp(x,Dv(t, x),m(t))m(t)) = 0, m(0) = m0 ∈ P1(H)

De�nition

A pair (v,m) is a solution of the MFG system (HJB)�(FP) if

v is viscosity solution of (HJB) satisfying v(t, ·) ∈ C1,1
b (H−1) ∀t ∈ [0, T ];

m is weak solution of linear FP equation

∂tm(t)− L∗m(t)− div (w(t, x)m(t)) = 0, m(0) = m0.

with w(t, x) = Hp(x,Dv(t, x),m(t)).
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Viscosity Solutions � Motivation

Consider one-dimensional HJB equation{
vt(t, x) + infα

{
f(x, α) + vx(t, x)b(x, α) +

1
2vxx(t, x)σ

2(x, α)
}
= 0

v(T, x) = g(x), x ∈ R.

Let φ ∈ C∞((0, T )× R) be such that v − φ has global maximum at (t, x), i.e.,

v(s, y)− v(t, x) ≤ φ(s, y)− φ(t, x)

for all (s, y) ∈ [0, T ]× R. Then,

0 = inf
α(·)

E
[∫ τ

t

f(X(s), α(s))ds+ v(τ,X(τ))− v(t, x)

]
≤ inf

α(·)
E
[∫ τ

t

f(X(s), α(s))ds+ φ(τ,X(τ))− φ(t, x)

]
.

Thus,

φt(t, x) + inf
α

{
f(x, α) + φx(t, x)b(x, α) +

1

2
φxx(t, x)σ

2(x, α)

}
≥ 0.
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Viscosity Solutions � De�nition

Consider the HJB equation{
vt(t, x) + infα

{
f(x, α) + vx(t, x)b(x, α) +

1
2vxx(t, x)σ

2(x, α)
}
= 0

v(T, x) = g(x).
(4)

De�nition (Viscosity Solution)

v ∈ C([0, T ]× R) is a viscosity subsolution of (4), if v(T, y) ≤ g(y) and
∀φ ∈ C∞((0, T )× R) such that v − φ has a global maximum at (t, x), it holds

φt(t, x) + inf
α

{
f(x, α) + φx(t, x)b(x, α) +

1

2
φxx(t, x)σ

2(x, α)

}
≥ 0
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Viscosity Solutions � Consistency

Let v ∈ C1,2((0, T )× R) be a classical solution of{
vt(t, x) + infα

{
f(x, α) + vx(t, x)b(x, α) +

1
2vxx(t, x)σ

2(x, α)
}
= 0

v(T, x) = g(x)

and let φ ∈ C∞((0, T )× R) be such that v − φ has a global maximum at (t, x).
Then

vt(t, x) = φt(t, x), vx(t, x) = φx(t, x), vxx(t, x) ≤ φxx(t, x).

Hence,

φt(t, x) + inf
α

{
f(x, α) + φx(t, x)b(x, α) +

1

2
φxx(t, x)σ

2(x, α)

}
≥ vt(t, x) + inf

α

{
f(x, α) + vx(t, x)b(x, α) +

1

2
vxx(t, x)σ

2(x, α)

}
= 0

=⇒ Every classical solution is a viscosity solution.

Lukas Wessels (UCA) MFGs in Hilbert Spaces April 30, 2026 15 / 22



Excursion: B-Continuous Viscosity Solutions

Consider the PDE

∂tv + ⟨Ax,Dv⟩+ F
(
x,Dv,D2v

)
= 0, v(T, x) = g(x)

where A : D(A) ⊂ H → H is linear, densely de�ned, maximal dissipative.
Problem:

⟨Ax,Dφ⟩
is not well de�ned for generic test function φ ∈ C1,2([0, T ]×H)!
Let B ∈ L(H) be strictly positive, self-adjoint such that A∗B ∈ L(H) and

−A∗B + c0B ≥ 0, for some c0 ≥ 0.

Unbounded A: Test with φ such that Dφ ∈ D(A∗) and rewrite

⟨Ax,Dφ⟩ = ⟨x,A∗Dφ⟩.

Compactness: We assume that

B is compact

and work in the space H−1 = completion of H w.r.t. ∥x∥2−1 := ⟨Bx, x⟩.
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Weak Solutions for Fokker�Planck Equations

Linear FP equation:

∂tm(t)− L∗m(t)− div (w(t, x)m(t)) = 0, m(0) = m0. (5)

De�nition 1

A �ow of measures (m(s))s∈[0,T ] is a weak solution of (5) with initial condition
m0 ∈ P1(H) if∫

H

φ(t, x)m(t, dx)−
∫
H

φ(0, x)m0(dx)

=

∫ t

0

(∫
H

[∂tφ(s, x) + Lφ(s, x)− ⟨w(s, x), Dφ(s, x)⟩]m(s, dx)

)
ds

for every t ∈ [0, T ] and for all test functions φ.
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Uniqueness of Weak Solutions (Outline)

Let m1 and m2 be two solutions of the linear FP equation. Then∫
H

φ(T, x)(m1 −m2)(T, dx)

=

∫ T

0

(∫
H

[∂tφ(s, x) + Lφ(s, x)− ⟨w(s, x), Dφ(s, x)⟩] (m1 −m2)(s, dx)

)
ds

Consider the adjoint equation

∂tu+ Lu− ⟨w(t, x), Du⟩ = f(t, x), u(T, ·) = 0.

Assume that we can solve this equation for any right-hand side f and the solution
is smooth. Then, we can test with φ = u and obtain

0 =

∫ T

0

(∫
H

f(s, x)(m1 −m2)(s, dx)

)
ds

for all f , hence m1 = m2.
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Weak Solutions (In�nite Dimensional Case)

Class of test functions:

DT =
{
φ ∈ C1,2

b ([0, T ]×H) : A∗Dφ(t, x) ∈ Cb([0, T ]×H;H)
}
.

Adjoint equation:

∂tu+ ⟨Ax,Du⟩+ 1

2
Tr[σ(x)σ∗(x)D2u]− ⟨w(t, x), Du⟩ = f(t, x), u(T, ·) = 0.

Problem: We cannot solve this equation such that u ∈ DT .
Workaround: Use approximation:

1 Approximate w and f so that we can obtain viscosity solutions u

2 Show that u is C1,1.

3 Approximate u by un ∈ DT

4 Perform classical argument with un and pass to the limit.
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C1,1 Regularity

Theorem (Lasry, Lions (1986))

v : H → R semiconcave, semiconvex, continuous =⇒ v ∈ C1,1(H).

Adjoint equation:

∂tu+ ⟨Ax,Du⟩+ 1

2
Tr[σ(x)σ∗(x)D2u]− ⟨w(t, x), Du⟩ = f(t, x), u(T, ·) = 0.

Feynman�Kac representation:

u(t, x) = E

[∫ T

t

f(s,Xt,x(s))ds

]

where

dX(s) = [AX(s)− w(s,X(s))]ds+ σ(X(s))dW (s), Xt = x.

Now, semiconcavity/convexity can be transferred from f to u.
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MFG System: Well-Posedness

De�nition 2

A pair (v,m) is a solution of the MFG system (HJB)�(FP) if

v is viscosity solution of (HJB) satisfying v(t, ·) ∈ C1,1
b (H−1) ∀t ∈ [0, T ];

m is solution of linear FP equation with w(t, x) = Hp(x,Dv(t, x),m(t)).

Existence: De�ne

Qm0 :=

{
µ ∈ P1(H) :

∫
H

∥x∥2µ(dx) ≤ cm0

}
,

Then Qm0
is compact in P1(H−1). Now, de�ne

Cm0
:=
{
m : [0, T ] → Qm0

: m(0) = m0 and d1,−1(m(t),m(s)) ≤ M1

√
|t− s|

}
,

Then, Cm0 is convex and compact in C([0, T ];M(H−1)).
In order to prove existence, we apply Tikhonov's �xed point theorem.
Uniqueness: Approximate solutions by regular solutions and follow classical
argument.
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